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Abstract

This thesis provides a theoretical and experimental comparison between a number
of time domain multiple-input multiple-output modal identification methods that are based
on the Hankel matrix, specifically, the Eigensystem Realization Algorithm (ERA), Ibrahim

“Time Domain (ITD) or Multiple-Reference Time Domain (MRTD), and Modified Multiple-
Reference Time Domain (MMRTD) methods. In order to accomplish this, basic concepts
in system realization theory are reviewed. These include state space representation,
discrete-time and continuous-time représentations, the Markov parameters, the Hankel
matrix, and the observability and controllability grammians. The two published
realizations of the ERA method are shown to converge to the input-normal and internally
balanced realizations when the Hankel matrix size tends to infinity. An output-normal
realization of the ERA is derived as the third naturé.l realization based on the singular value
decomposition and it is shown that the three realizations are theoretically identical. The
MRTD and MMRTD methods are presented. Real-valued realizations of the MRTD and
MMRTD methods, which are traditionally formulated in the complex modal space, are
derived. The relationship between the ERA, MRTD, and MMRTD realizations are found.
The MRTD and MMRTD realizations are shown to be the same as the output-normal and
input-normal realizations of the ERA, respectively. Transformation matrices to convert
from one realization to another are formulated. Examples using simulated and actual
experimental data are presented to verify these findings and to examine computational
differences between methods that are theoretically identical. The simulated system has

closely spaced frequencies and mode shapes. Both noise free and noise contaminated cases



are tested. The experimental data are obtained from a flexible structure (HMB-2R). Using
double precision MATLAB on an IBM 386 personal computer, the theoretically identical
methods are shown to be numerically identical for the cases considered to 11 significant

digits.
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Chapter 1

Introduction

1.1  Overview

The basic objective of system identification is to develop a mathematical model of a
physical system by observing its input-output relationship. System identification models
can be used for many purposes, €.g., system analysis or controller design. In practice, one
is often limited to linear models. Fortunately, many physical systems can be approximated
by linear equations. There are several models that can be used to describe the input-output
characteristics of a linear system. In modern linear system theory, the continuous-time
state space model is used. A state space model consists of the system matrix, input matrix,
and output matrix.! For a linear system, the state space matrices are not unique in the sense
that equivalent sets of state space matrices describe the same input-output relationship. The
process of finding a state space model for a linear system is known as realization.! The
system considered here is linear, time-invariant with stable modes. The state space
matrices are required for several controller design methods, but they can also be used to
determine the modal parameters of the system such as natural frequencies, damping factors,

and mode shapes.!

In the past, many methods for determining the state space model of a linear system
from measured outputs were developed. Important principles of realization theory were

developed in Refs. 2 & 3. Ref. 4 developed a method to determine a state space model



using the Hankel matrix for the case of no measurement noise. The Hankel matrix is a
special matrix of Markov parameters or pulse response samples. A state space model of the
smallest possible dimension is called a minimal state space model and the process of
finding a minimal state space model is called minimum realization. The problem of minimal
realizations were studied in Refs. 5-7. For the treatment of noisy data, Ref. 8 proposed the
use of the singular value decomposition in combination with Ref. 4. The singular value
decomposition technique has been found very effective in dealing with noisy data as
suggested in Refs. 9-11. The Eigensystem Realization Algorithm (ERA)'%"'4is a
generalization of Ref. 4 based on a generalized Hankel matrix in combination with the

singular value decomposition technique.

The methods discussed above were developed in the context of first-order
differential equations. During this same time, structural dynamists were developing modal
identification methods to determine the frequencies and mode shapes based on the second-
order equations of dynamics. Some of the modal parameter identification techniques were
also based on the Hankel matrix. In particular, they are the Ibrahim Time Domain
(ITD),'*!” Multiple-Reference Time Domain (MRTD),!” and Modified Multiple-Reference
Time Domain (MMRTD) methods.!” These methods assume a solution in the form of
complex mode shapes and complex frequencies, and then formulate the modal parameter
identification as an eigenvalue problem. The MMRTD method is a modified version of
MRTD to reduce required computer memory storage for certain problems. Free decay data

or pulse response data are usually used for system identification by these methods.

It is the purpose of this thesis to provide a theoretical and experimental comparison
between the MRTD and MMRTD methods and the various realizations of the ERA
algorithm. This is motivated by the fact that despite their apparent differences, the

mathematics of the MRTD and MMRTD methods and the ERA are related in that they both

2



use the singular value decomposition and the Hankel matrix in their formulation. It will be
shown in this thesis that the MRTD and MMRTD methods are mathematically identical to
certain realizations of the ERA. The apparent differences occur between the three methods
because the MRTD and MMRTD methods are traditionally formulated in complex modal
space, while the ERA is formulated in the state space format of modern control theory.
Therefore, the difference between the three methods are not fundamental. The thesis will
first provide a detailed formulation of the MRTD, MMRTD, and ERA algorithms. Next,
the MRTD and MMRTD formulations will be shown to be equivalent to certain forms of
the ERA. Relationship between MRTD, MMRTD, and varioﬁs versions of the ERA will
be established. Furthermore, the various versions of the ERA are also equivalent to each
other. The ERA, MRTD, and MMRTD methods produce different but equivalent
realizations. Numerical examples will be provided to illustrate any numerical difference
between the methods. Free decay data is used to identify the system using different system
identification methods. The numerical examples include those using simulated data wiﬁl
closely spaced frequencies and mode shapes and test data from an actual large flexible

structure (HMB-2R).18

1.2 Thesis Outline

The remainder of the thesis is organized as follows.

Chapter 2 will present some basic mathematics and definitions which include the
state space equations, the Markov parameter, conversion from continuous-time (discrete-
time) to discrete-time (continuous-time) state space model, and the controllability and

observability grammians.



Chapter 3 will derive the three realizations of the ERA based on different ways of
selecting the controllability and observability matrices. It will be shown that under certain
limit conditions, these realizations of the ERA converge to the input-normal, output-

normal, and internally-balanced realizations.

Chapter 4 will derive the realizations of the MRTD and MMRTD methods. These
methods are normally formulated to compute the modal parameters such as damped
frequencies, damping factors, mode shapes, and modal participation factor matrix. In this
thesis, certain relations established in the MRTD and MMRTD formulations are further
developed to provide real-valued state space model representations for these methods. This

is done so that their comparison with the ERA realizations can be made.

Chapter 5 will establish the theoretical relationship between the realizations of the

ERA, MRTD, and MMRTD methods.

| Chapter 6 will illustrate the numerical relationship between the realizations of the

ERA, MRTD, and MMRTD methods by examples using simulated and test data.

Chapter 7 is a summary of the basic results and conclusions.

(



Chapter 2

Mathematical Preliminaries

This chapter presents a brief review of the basic concepts in system realization
theory. The state space representation of a linear system both in discrete and continuous
time are reviewed. The Markov parameters, the Hankel matrix, and the observability and
controllability grammians are presented. These basic concepts will be used in later chapters
to provide a theoretical comparison between various time-domain state space realization

methods.

2.1 The State Space Representation

State space theory describes the time behavior of physical systems in a mathematical
manner. In particular, the state space approach is useful because:!*-?°
1) State space provides an organized approach to the analysis of linear systems in
many areas (engineering, economics, ecology, etc...).
2) Multiple-input multiple-output systems can be treated conceptually the same as
single-input single-output systems.
3) Problems formulated by state space methods can easily be programmed on a

computer.

4) High-order linear systems can be analyzed.



5) State space theory is the foundation for further studies in nonlinear systems,

stochastic systems, and optimal control.

2.2 Discrete and Continuous Models of a Dynamic System

The state space method requires that the description of a dynamical system be
reformulated into the form of n first-order descriptions called the normal form. Dynamic
systems-are normally described by continuous-time second order differential equations.
Experimental data are generally taken at discrete times. The following sections develop the
relationship between a second-order dynamic system and the first-order equations, then

relate the continuous-time system to the discrete-time system.

2.2.1 Continuous-Time Models

The equations of motion for a linear time invariant dynamic system in second-order

form arel4.21

mg(t) + caq(t) + kq(t) = Fpu(t) (2.1)

where m, c; and k denote constant system mass, damping, and stiffness matrices,
respectively. Generally, the output quantities are linear functions of position, velocity, and

acceleration.1421 In this case, the output equation can be written as

y() = auq(t) + aq(t) + a3 (t)

(.



=[an — osm™k]q(e) + [0r2 — ctsm ™} (8) + ctam™ Fyu(z)

where a;, a,, and a; are matrices. The second-order equations given in Eq. (2.1)

together with the output equation can be written in first-order form as

x(t) = A.x(t)+ B.u(t)

y(t) = Cx(t) + Du(r) (2.2)
where
_ q(t) : 0 1 B 0
o) = l:c](t):l > A= [—m‘lk —m"c,,] > B= [m“Ff]
C=[a-am™k o-asm™ci]l , D=om™F, (2.3)

and x is a n-dimensional state vector, u is a m -dimensional input vector and y is a £-
dimensional output or measurement vector at time ¢. A, is the continuous-time system
matrix which represents the system dynamics. B. is the continuous-time input matrix of
dimensions nxm,  C is the output matrix of dimensions £xn and D is a direct
transmission term of dimensions £ X m where n is the number of orders, m is the number
of inputs, and £ is the number of outputs of the system. This is the continuous-time state
space description of the system given in Eq. (2.1). The general response of a linear system

by modal analysis is discussed in Appendix A.



2.2.2 Conversion from Continuous to Discrete-Time State Space Model

Although the dynamics are continuous, the data are usually collected at discrete,
uniformly spaced times. A discrete representation of the continuous-time system can be
used to describe the system response at discrete-time samples. In this section, the
relationship between continuous and discrete-time models is described. Starting from any

initial condition x(1,), the general solution for x(#) at any time ¢ for any input u(¢)

isl,l4,21

x(£) = e x(1,) + L e~ OB u(1t)dt

To convert to discrete time the change in x(z) from one time step to the next, we let

to = kAt and ¢ = (k+1)Ar in the above equation where the discrete sampling time intervals

are defined as 0,At,2At,---

k+1)Az

H(k+ 1A = A x(kan) + [ MDA 0y

kAt

Let x(k) denote x(kAt), and x(k+1) denote x((k+1)At). Assume that the input
u(kAt) = u(k) is held constant over the time interval from kAt to (k+1)Az. Therefore, Eq.

(2.2) can be written at every time step as

x(k +1) = Ax(k)+ Bu(k)

y(k) = Cx(k) + Du(k) (2.4)

where

A=e* B=L~e“'dch (2.5)

(
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SN
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and A is the discrete-time system matrix which represents the system dynamics. B is the
discrete-time input matrix of dimensions nxm. C and D are the same as in the
continuous-time representation given in Eq. (2.2). Therefore, Eq. (2.4) is a discrete-
time state space equation with a sampling interval At for the continuous-time

dynamic system in Eq. (2.2).

2.2.3 Conversion from Discrete to Continuous-Time State Space Model

If one uses sampled data, a realized system matrix A is in discrete-time, it must be

converted to a continuous-time state matrix for comparison with the original dynamic

system. For the case that A can be diagonalized by a matrix T11421

T'AT=A=diag(z, z, -, )

A can be written as

in In In
o e e
Recall that A = ¢**, then
A=T AT =T (e*)T = {7+
Hence,
(Tar)a _ do( 52 52, o B

Therefore, a continuous-time system matrix can be obtained from



. (Inz; Inz, lnz,.)] '
=Tl diag| —=, , e, — T )
A I: zag( Ar ” Ar (2.6)

The relationship between the eigenvalues z, of the discrete-time system and the eigenvalues

A, of the continuous-time system arel.17.21

. Inz
A =0, tjo,=—=

2.7

wherer=1,2,3,..,n;i=0,1, 2, ... In the identification of structures, the real parts
of the eigenvalues are the modal damping factors characterizing the decay rates of the modal

oscillations, and the imaginary parts are the modal frequencies.

To convert the discrete B to a continuous B, the following equation is used?!

B.=(A-1"AB (2.8)

To show Eq. (2.8), write A = e** as a convergent power series

2 2 3 3
A=e““=I+Ac(At)+AC(2A't) +A°(3/?t) T
Therefore,
2 2 3 3
A-T=A(ar)+ ) ABY |
2! 3!
Hence

2 2 3 3
AZB(A1)  AB(Af)

(A-1)B. = AB.(81)+ == =

(2.9)

10



Integrate the second equation in Eq. (2.5) term by term, and pre-multiply by A,

2 2. 3 3
AB(AY | AB.(AY)

AB=AB M)+ == 3

(2.10)

Comparing Eq. (2.9) and Eq. (2.10), it can be seen that (A —I)B. = A.B. Therefore,
B.=(A-I)"'AB. Thus, to convert from discrete-time to continuous-time use Egs.

(2.6) and (2.8). The eigenvalues are converted using Eq. (2.7).

2.3 Markov Parameters

In linear system identification, the Markov parameters play a very important role.
The Markov parameters will be briefly described in this section. For a system with £

outputs and m inputs, the sampled pulse response functions, known as the Markov

parameters, associated with the discrete state space matrices (A, B, C, D) are defined

to be2l

Y(-1)=D

Y(k)=CA*B k=0, 1, 2, - (2.11)
Y(k) is a £xX m pulse response matrix whose columns are the pulse responses due to

the m inputs.

The state space matrices A, B, C, and D are not unique for a given system
since the state vector is coordinate-dependent. For example, let the state vector be

transformed by any non-singular coordinate transformation matrix 7114
z(k)=T"'x(k) (2.12)

11



Then Egs. (2.4) can be written as
2(k+1)=T"ATz(k) + T Bu(k)
y(k) = CTz(k) + Du(k)

which is a state space description (T'AT, T™'B, CT, D) relating u(k) and y(k) by a
new state vector z(k). However, the system Markov parameters computed using these

state space equations are the same as before,

Y(k) = CT(T"AT) T"B=CA*B (2.13)

Even though there are an infinite number of state-space representations that produce
the same input-output mapping, the Markov parameters are unique for a given linear

system. !

A state space description A, B, and C can be put in the complex modal coordinates

by the transformation matrix 7" that diagonalizes A,

and

where ¥ is an £xn complex mode shape matrix, L is an nxm complex modal
participation matrix, and n is the order of the system. Assuming a real, continuous-time,
damped, oscillatory, stable system, the eigenvalues will appear as complex conjugate pairs

so that A can be written as a 2 X2 block diagonal matrix

12
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where A;, A., A3, -+ Aqn are the eigenvalues of the continuous-time system matrix
A. , A, =0, + jo, is the complex frequency of the r-th mode, r=1,2,---,n, and o, and
®, are the real and imaginary parts of 4,, respectively. The blank spaces denote the zero

elements and the superscript * denotes the complex conjugate. Therefore, the Markov

parameters Y (k) can also be written as

Y(k)=YA'L (2.14)

The Markov parameters take different forms depending on the system and the input.

2.3.1 Sampled Response to Impulse Input

Let an impulse input denoted by 8(0) be applied to the system given by

x(1)=A.x(t)+ B.u(t)
y(t) = Cx(t) + Du(t)

13



Starting from zero initial conditions, x(0)=0, the response is denoted by y(kAr),
k=0, 1, 2, ---, and measured at discrete-time intervals kA: beginning with

y(0) = y(0") immediately after the impulse has been applied to the system. The sampled

response by the impulse input is1-21

y(kAS) = Ce*x(0) + Ce™ [ ™4 Bu(r)dr + Du(kAr)

= C(e**)B, = Y(k)

Since A* = ** Therefore,

Y(k)= CA*B, k=0, 1, 2, 3, - (2.15)

where A is the discrete-time system matrix corresponding to the sampling period At, B, is
the continuous-time input matrix, and C is the output matrix which is the same for both
discrete and continuous-time cases. The parameters CA*B, in Eq. (2.15) are not precisely
the Markov parameters of the system as described in Eq. (2.13) in Section 2.3, but they

have the same form as the Markov parameters.

2.3.2 Sampled Response to Unit Pulse Input (Markov Parameters)

Similar to the impulse response of a continuous system, we have the unit pulse
response of a discrete system. Let a unit pulse input be applied to the system given by Eq.
(2.4)

x(k +1) = Ax(k)+ Bu(k)
y(k) = Cx(k) + Du(k)

14
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where the unit pulse input is defined as®!

1 k
kA = ’ 2.16
u(kAt) {O k=l 2, 3 - ( )

with a zero-order hold on the input to maintain the input values during each sampling

interval. The response is measured at discrete sampling intervals, and denoted by y(kAt),

k=0,1,2,3,.--, with zero initial conditions. Therefore, the response of the discrete-time

system is!

¥(0)=D

y((k+1)At)= CA*B=Y(k) k=0, 1, 2, 3, - (2.17)

where A, B, and C are the system discrete-time matrices. Thus, the parameters CA*B are

the discrete-time Markov parameters of the system.

2.3.3 Free Decay Response

System identification methods can also use free decay response to identify a

system. Consider the free response of the system given in Eq. (2.1), from a non-zero

initial condition with no forcing function, the sampled response is?!

y(kAt) = CA*x(0) = ¥ (k) k=0, 1 2, 3, - (2.18)

15



If free decay data from several different initial conditions x,(0), x:(0), --- are available,

then the data can be combined as

[n(kAz), ya(kAr), --]=[CA*x(0), CA*x(0), -
=CAk[x1(O), x2(0), ]

Again, Y(k) in Eq. (2.18) are not the Markov parameters of the system but they have the
same structure as the Markov parameters. An identification procedure applied to the above
sequence produces a realization of A, C, and the initial condition x(0). Of course, the

input matrix B can not be determined from free decay data alone.

2.4 Infinite Hankel Matrix

For later connection with controllability and observability grammians, we consider

an infinite Hankel matrix formed by an infinite sequence of Markov parameters as!3

- -

Y(0) Y - Y(s-1)
Yy vyQe) - Y(s)
i o : (2.19)

Y(r-1) Y(r) -+ Y(r+s-2)

Define

16



[ C ]
CA
W,=|
cA™!
and
W.=[B, AB, -, A"'B, -] (2.20)
Equation (2.19) becomes
H=WW, : (2.21)

For a system of order n, if W,"is of rank n, the system is said to be observablelf
Similarly, if W is of rank n, the system is said to be controllable.! From Eq. (2.21); the
rank of the Hankel matrix is equal to the order of a controllable, observable system. The
Hankel matrix H, which is made of Markov parameters, is independent of coordinate
system , but W, and W, are not. In fact, the fundamental difference between the

methods to be discussed depend on how H is decomposed into W, and W..

2.5 Controllability and Observability Grammians

If the system is stable, the discrete controllability and observability

1,1

grammians? are defined respectively as

W, =3 a*pET(a7)

k=0

and (2.22)

17



From the discrete controllability and observability grammians definitions given in Eqgs.

(2.22) and Eq. (2.20), it can be shown that

‘i/ct = VVc‘VcT
and
Wor = WIW, @23

Recall that there are an infinite number of realizations that describe a given system
of the form given in Eq. (2.13). These realizations are equivalent in the sense that they
represent the same system but in different coordinates. There are three special

coordinate systems known as internally balanced, input-normal, and output-normal.
The realization (A,B,C) is said to be internally balanced if and only if PAV,_., = W,, =2.
The realization is said to be input-normal if and only if W, =1 and W,, =3*; and

1,22,23

output-normal if and only if W, =32, W, =1, where X is an diagonal matrix and

I is the identity matrix. The relationship between X and the Hankel matrix of a system

will be discussed in Section 3.1.

2.6 Finite Hankel Matrix

In practice, one must work with finite-dimensional matrices. In this section, the

finite Hankel matrix is introduced. The finite Hankel matrix is defined asl
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Y(k) Y(k+1) - Y(k+s-1)
H(k) = Y(k:+1) Y(k:+2) Y(k:+s)

Y(k+r—=1) Y(k+r) - Y(k+r+s—2)

Since Y(k) = CA*B, then H(k) can be expressed as

where
C
_ CA
V=l W,=[B, AB, -, A*'B] (2.25)
CA™!

r and s are the sampling time shifts in the column and row directions, respectively. V, is
the observability tﬁatrix of dimensions &r xn, and W, is the controllability matrix of
dimensions n X ms. From Eq. (2.23), the order of the system is equal to the rank of the
Hankel matrix for a system which is both controllable and observable. In the presence of
noise, the Hankel matrix tends to be full rank. From Egs. (2.20), and (2.25), the
observability and controllability matrices from the infinite Hankel matrix and finite Hankel

matrix can be related by
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CA
CAr-l

W =| CA”

CA;r_l
CAZr

and

VA"
‘/’.AZr

W.=[B AB - A”'B A’B

=[m AW, APW, -

]

AZ:—IB AZSB

(2.26)

(2.27)

and then the controllability and observability grammians'® defined in Section 2.5 can be

written as

W, = W.WS

= W+ (W () + (4 W (4

and

W, = WW,

= VrT‘/r +(A')TV,TV,(A')+(A2')TV,TV,(A2')+---

(2.28)

This relationship will later be used to show that certain realizations convert to input-normal,

output-normal, and internally balanced forms.
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Chapter 3

System Realization using Eigensystem Realization
Algorithm

This chapter presents the development of the Eigensystem Realization Algorithm
(ERA). Realization refers to finding a state space description of a linear system from input-
output data or free decay data. For an asymptotically stable system, these realizations are
shown to convert to the input-normal and internally balanced realizations when the Hankel

matrix size tends to infinity. An output-normal realization of the ERA is also derived.

3.1 Minimal-Dimensional Realizations of the ERA Method by
Singular Value Decomposition (SVD)

In the noise free case, a realization with the least possible dimensions is called a
minimal or irreducible realization. The dimension of the system refers to the dimension of -
the state vector x(k) or the size of the system matrix A. In this section, the relation
between three natural realizations of the ERA and the input-normal, internally balanced, and
output-normal realizations are derived. The ERA algorithm uses the singular value
decomposition of a finite-Hankel matrix to determine a system model.12-14 The singular
value decomposition technique can be used to determine the order of the system. From the

singular value decomposition of H(0),!
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H(0)=PXQ" = RX,0) (3.1)

where the size of the Hankel matrix H(0) is £rxms, and P and Q are orthonormal

matrices with £r and ms rows, respectively. X is a diagonal matrix of the singular values

of H(0). If the rank of H(0) is n, then the singular value matrix ¥ will contain only n

positive singular values, and the remaining singular values are zero. In this case, the
matrices B, and @, are formed by the first n columns of P and Q corresponding to n

positive singular values and Z, is the singular value matrix formed by n positive singular

values of . Since H(0) = V,W,, the rank of H(0) cannot exceed the rank of V; or W,
where V, and W, are the observability and controllability matrices, respectively. The rank
of H(0) is the minimum of the rank of the controllability space and observability space. In
the noise-free case, the order of the system is equal to the rank of the Hankel matrix H(0)

assuming H(0) is sufficiently large.

In practical problems with noise, there will be no zero singular values. In this case,
the larger singular values are assumed to represent the signal and the smaller singular
values are assumed to present the noise. To obtain a minimum realization only a certain

number of the singular values are retained, say n. In this case, one can write

H(0)= BX,0f =V,W, (3.2)

H(0) is known, but V. and W, are unknown. Equation. (3.2) suggests three natural ways

of selecting V. and W,, resulting in three different realizations of the system

l. V,=RZ, Wi=0n

This will be shown to produce the input-normal form (INF)
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2. Vo =RZS W, = Z507
This will be shown to produce the internally balanced form (IBF)

3. Vm=P;|, on=2an‘
This will be shown to produce the output-normal form (ONF)

From Eq. (2.24), regardless of choice,

H(1)=V,AW, (3.3)

where V, is the observability matrix formed by matrices A and C, and W, is the

controllability matrix formed by matrices A and B. By choice V; is of full column rank
and W, is of full row rank, thus V'V, =1, and W,W," =1I,. [ is an identity matrix with

order n and the superscript "+" denotes the pseudo-inverse. The pseudo-inverse is
discussed in appendix B. Therefore, premultiplying Eq. (3.3) by V, and also
postmultiplying Eq. (3.3) by W, yields

A=V HOW' (3.4)

For any integer number « and v, define a u X uv selection matrix EL, consisting of identity
and null matrices. The selection matrix is convenient for notational purposes but are not

needed for computational purposes.

EL =[Lows Ouxooiya (3.5)

From Eq. (3.2), and also from the first partitions of Eq. (2.25) in Chapter 2, the C and B

matrices also selected with this choice of V, and W,, respectively, are
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C=E,v., ad B=WE, (3.6)

where E,, and E,, are defined in section 3.1 on page 23.

3.2 Input-Normal Realization of ERA

In the first paper on ERA,? the realization of the ERA was represented in the input-

normal form. In that paper, the singular value decomposition of H(0) is written as

H(0) = RZ.0r =[RE.] O | =[Va][Wa) (3.7

where we have V,, = PX_ and W, = Q7. Therefore, from Eq. (3.4)

A =VIHOW (3.8)

From Eq. (3.2), and the first partitions of Eq. (2.25), the C, and B, matrices also selected

with this choice of V, and W, respectively, are

C,=Efv; and B =W (3.9)

i si*ms

Since the columns of P, and Q, are orthonormal, the pseudoinverse of V,; and W, can be

obtained as

Vi =[ViIVa] ' (VI) = [Z. BT B2, (2.BF) = 2. BT

and

wi =wIwWI[ =g[dfa] =0,
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Therefore, a minimal realization [4;, B;, C]is
A =Z]F'HDQ,

B =QE,, (3.10)

C =EyRZ,

To see that this is an input-normal realization, note that V, = X and W, = Q7. Also, the
columns of P, and @, are orthonormal, i.e., PTP, and QFQ, are identity matrices.

Therefore,

WW, =070 =I (3.11)

Substituting Eq. (3.11) into Eq. (2.28) given in Chapter 2, the observability and

controllability grammians of Eq. (2.28) result in

W, =2, +(4) Zi(A7)+ (a7) 22(Al )+

and
(3.12)

A~

W =1, +(A)(A7) + (A7), (A7) +-

If the system is asymptotically stable, the magnitudes of all the eigenvalues of A,

are less than one, (J4:(4)|< 1).1’13 Therefore, when r and s tend to infinity, for an

asymptotically stable system, Eq. (3.12) yields
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lim W,= lim Z=32
r—boo,s—poo ° r—eo,s—poo

lim W,= lim I,=1,

r—poo0,s—poo r—»c0,5—poo0

Thus, this realization of the ERA converges to the input-normal realization

when r and s tend to infinity.

3.3 Internally Balanced Realization of ERA

In later papers of ERA, >4 another realization of the ERA was selected because it
resulted in an internally balanced system. The internally balanced realization is also

discussed in Ref. 9. The Hankel matrix in Eq. (3.3) can also be written as

H(1) = VA Ws (3.13)

where V, is the observability matrix formed by internally balanced matrices A4, and G,

and W, is the controllability matrix formed by internally balanced matrices A, and B, . To

derived this realization, write

HO) = R2,0f =| B[220 | = [Vl W] (3.14)

where P, ., Q.. and n are the same as before in Eq. (3.2), and V,, =P,,Z,,% and

W, = Z,,%Qf . Therefore, from Eq. (3.13) using the same steps in Section 3.1, we obtain ‘

A, = ViHOW
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and

Cb = Etz;vrb and Bb = "V:bEms

where E;, and E,, are selection matrices. Because the columns of P, and Q, are

orthonormal, the pseudoinverse of V,, and W,, can be obtained as
_ -1
Vi =[Vive] " (vE) = [e2prRk| (z£Er)
= IR
and
_ -1
Wi = (WE)wawi' =(ex%|efor .
=05
Therefore, an internally balanced minimal realization [4,, B,, GC,]is

A, =ZAPTH(1)Q,Z,”

B, =3/Q7E,. (3.15)
G, =ELRI)

The above realization is an internally balanced realization, since V, =B,Z,,% and

W, =207, and PP, and O7Q, are identity matrices, hence

VIV, =S2PTRT) =3,

and
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W, Wi =070, = %, (3.16)

Substituting Eq. (3.16), into Eq. (2.28) in Chapter 2, the observability and controllability

grammians can be shown to be
Wzr = W:T"Vo
= ViiVio + (A7) VEVia(A5) +(A2") VIV, (437 4

=X, +(4) Z.(47)+ (A7) T, (43" - (3.17)
and

W, = WW!
= W W3 + (A5 )W W (A3 )T +(AZ* )W Wi (Af’)r+---

=2, +(A7)Z,(4)" + (A2 )E (42) +- (3.18)

Again, for an asymptotically stable system, when r and s approach infinity, Egs. (3.17)
and (3.18) result in13

lim W,= lim X,=3X.

r—co s—poo r—»c0 S~3o0

and
lim W,= lim X,=X.

r—e0,5—poo r—poo,g~yo0

Therefore, this realization of the ERA converges to the internally balanced

realization when r and s tend to infinity.13
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3.4 Output-Normal Realization of ERA

In this section, the output-normal realization is derived. This form is different from
the two above realizations of the ERA and has not been published previously. In this case,
the Hankel matrix in Eq. (3.3) can be expressed as

H(Q1) = VA Wo (3.19)

where V,, and W,, are the observability and controllability matrices formed by output-

normal matrices A, and C,, and A,and B,, respectively. Write H(0) as
H(0) = RE.07 =[B]Z.07 | =[Ve ] Wao]
where V,, = P, and W, = X,07. Therefore
A, =V H)W;
and

Ca = E};Vm a.nd Bo = WsoEmA'

where E. and E,, are selection matrices. Since the columns of P, and Q, are

orthonormal, the pseudoinverse of V,, and W,, can be obtained

and hkew13e
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We = (W WuWZ]" = (Q2.)[Z.0F Q2]

=0.%;
Again, a minimal realization [A4,, B,,C,] can be found as
A, = PTHQ.Z;!

B, =4‘_‘,"QTE',"_s (3.20)

C, = ELP,

To prove that this is an output-normal realization, since V,, = F,, W, = >,0F, and PTP,

and 07 O, are identity matrices, therefore

ViV, =B'B =1,
and

WoWeo = 2,0, 0%, =2,

Therefore, for an asymptotically stable system, when r and s approach infinity, the

observability and controllability grammians are

lim W, = lim (W'W,)

r—>oo, 5300 r—>co,s—3o0

= lim [VIV,+ () VIV (A5)+ (A2 ) VIV, (42 )+

r—»c0,8=3oo|
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= Jim [+ () n(a) (4 1 (A

r~3co, s—)oo

n

and

lim W, = lim (WW)

= lim |WWE+ ()W (4) + (A,?‘)mmf(A;s)ﬂ...]
= Jim, [z (anpmi(a) +(a)za(ar) +-]
=X
Thus, this realization converges to the output-normal realization when r and s
tend to infinity.
3.5 Summary Table
In previous sections, we showed that if the system is stable, the three realizations :

[A, B, C]J,[A. B, GCi),and[A,, B, C,] by the ERA method converge to the

input-normal, internally balanced, and output-normal realizations, respectively when the

number of rows and columns of the Hankel matrix H(0) tend to infinity. The three

realizations are summaried in the following Table 1.
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Table 1: The three realizations of ERA

ERA Realizations System matrix A Input matrix B Output matrix C
input-normal A =Z'PTH()Q, B =Q'E, C = E,RZ,
intenally balanced | A, = 5,2 BTH()Q.Z;% | B, = S£QTE,, C, = ELRz)
output-normal A, = PTH(DQ, X! B, =X,0E,, C.,=E,B,

The steps in the deriving of ERA method for system identification are summaried below :

1) Form the Hankel matrices H(0) and H(1).

2) Obtain the singular value decomposition matrices [P, X, Q] of H(0). ‘

3) Select the order of the system by truncating P, £, and Q to B, Z,, and Q,. To do
this, the singular values are first normalized and the ratios between each singular value

and the largest one are computed. Singular values with ratio less than a certain value,

say , are truncated. This is a trial and error procedure and problem dependent.

4) Choose the observability matrix V, and controllability matrix W, from the decomposition
of H(0) according to the form desired.

5) Compute the A matrix from premultipling Eq. (3.3) by V;* and postmultipling Eq. (3.3)
by W',

6) Obtain the B and C matrices from Eq. (2.25) in Chapter 2 with selection matrices EL

and E,, and with the choice V, and W,.

To use ERA, depending on which realization is desired, the equations in Table 1 can be

directly applied.
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In Chapter 5, it will be shown that the three realizations of the ERA are
mathematically equivalent and they will give the same mode shapes, and complex
frequencies. It will be also shown that one realization of the ERA can be transformed to the

another by a transformation matrix. In the next chapter, the real-valued realization

[E. F, G] of the MRTD method, and the real-valued realization [E,, Fn, G,] of the

MMRTD method will be derived. Later, it will be shown that these are in fact the output-

normal and input-normal realizations, respectively.

33



Chapter 4

Multiple-Reference Time Domain Method

In this chapter two real realizations [E, F, G] and [E,,., E., Gm] of the

MRTD and MMRTD methods, respectively are derived. Both MRTD and MMRTD use the
singular value decomposition of the Hankel matrix H(0) to compute their minimal
realizations!’?. Both methods have always been presented in complex modal space and
formulate the realization problem as an eigenvalue problem. Therefore, the mathematics
looks somewhat different from the ERA formulation. However, it will be shown that the
MRTD and MMRTD methods produce the same realizations as the output-normal and
input-normal realizations of the ERA. The difference between MRTD and MMRTD
methods is that depending on the dimensions of the Hankel matrix one method requires less
computer memory storage. Section 4.1 will discuss the Hankel matrix expressed in terms

of complex modal parameters for the MRTD and MMRTD methods. Section 4.2 derives a
complex realization [A, L, ¥] of the MRTD method in complex modal coordinates, and

an equivalent real realization [E, F, G]of the MRTD method in output-normal

coordinates. Section 4.3 will derive the complex realization [A, L., ‘Pm] in complex

modal coordinates by the MMRTD method, and an equivalent real realization

[E,,,, E,, Gm] of the MMRTD method in input-normal coordinates.
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4.1 The Hankel Matrix for MRTD Method

As shown in Section 2.3, for a system with £ outputs and m inputs, the sampled

pulse response function can be written as!?

Y(k)=PA'L @.1)

where
A=diag(e“’, M, el"‘”) (4.2)

and n denotes the order of the system. In general, Y(k) is an £ X m matrix whose i — jth

element is the response at time ¢ = kAt of the i-th output due to a unit pulse applied at the

J-th input. Therefore, the £r X ms finite-Hankel matrix can be rewritten as

[ WAL WAL . WARTL
\PAIH-IL "I‘Ak+2L tee \PAk+:L
H(k)= . ) .
_\PAk+r—1L \PAk+rL e \PAk+r+s—2L
[ ¥
YA
=| AL AL - AT'I] (43)
_‘I’A"l
Define an £r X n matrix ¥
¥
— YA
Y= . (4.4)
\PAr—l

35



and an n X ms matrix L

L=[L, AL, -, A'L] (4.5)

Equation (4.3) becomes
HEk)=PANL or H(0)=FL (4.6)
Similarly, the one sampling time shifted Hankel matrix H(k +1) is
Hk+)=YA"L or H(1)=¥YAL (4.7)

As shown in Section 2.6, the order of the system is equal to the rank of the Hankel matrix
H(0), (or H(1)). In the original Ibrahim time domain (ITD) method,!4-17 the eigenvalues,
mode shapes, and modal participations were determined by a least squares and eigenvalues
solution between Egs. (4.6) and (4.7). This is rewritten here as follows. Premultiply Eq.

(4.6) by the generalized inverse ¥ of the ¥ matrix,

¥'HO)=L (4.8)
since ¥ is of full column rank. Substituting Eq. (4.8) into Eq. (4.7) yields

H(1)=PAP" H(0) (4.9)

To obtain the eigenvalue problem, postmultiply Eq. (4.9) by the generalized inverse of

¥ H(0). Note that ¥*H(0) is in general not a square matrix, but, it is of full row rank.
— +
H()(F"H(0)) =FA (4.10)

Since (¥"H(0)) = H*(0)¥ (Appendix A), Eq. (4.10) becomes
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En¥ =YA (4.11)

where

Em = H)H*(0)

The size of the system matrix Epp is £r x£r. Equation (4.11) is an eigenvalue problem
from which the mode shapes and frequencies can be determined. The original Ibrahim
Time Domain (ITD) did not use the singular values decomposition to reduce the size of the
eigenvalue problem. The ITD method was extended to include the singular value

decomposition step and called MRTD and MMRTD.!?

4.2 MRTD Minimal Realization

4.2.1 Traditional Development

Like ERA, the traditional development begins with the singular value

decomposition of the Hankel matrix H(0)

H(0)=PZQ" = RX,00 (4.12)

where P is an orthonormal matrix of order £r, Q is an orthonormal matrix of order ms,
and X is a diagonal matrix of the positive singular values of H(0). As before, P, is the
first n columns of P, X, is the upper-square n X n submatrix of X, and Q, is the first n

columns of Q and this selection defines the order of the system. The Hankel matrix is

written in terms of A, L, and ¥ instead of A, B, and C. Therefore,

H(0)=¥YL and H(1)=VAL (4.13)
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The MRTD method uses singular value decomposition to reduced the size of the
eigenvalue problem in the original ITD formulation. The procedure starts by

premultiplying both sides of the two equations in Eq. (4.13) by the matrix P/ yielding

PTHWO)=PT¥L (4.14)

and
PTHQ1)=PTPAL (4.15)

Define the reduced matrix ¥, as

¥,=P'Y ' (4.16)

The i — j element of ¥, is the projection of the j-th columns of ¥ projected alone the i-th
column of P,. ¥, is the projection of the columns of ¥ into the n dimension space
spanned by the columns of F,. This is similar to a least squares solution. Equations (4.14)

and (4.15) become

PTH(0)="¥.L (4.17)
PFH(1)=¥.AL (4.18)

To eliminate L between the two Eqs. (4.17) and (4.18), premultiplying Eq. (4.17) by the
unknown ¥»

Y. PTH(0)=¥, ¥, L (4.19)
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Premultiplying Eq. (4.19) by the inverse of the matrix ¥, ¥,, where ¥, ¥, is full rank
since from Eq. (4.16) ¥, is full column rank, gives

SAARAA(OB (4.20)

For a matrix of full column rank, the generalized inverse matrix ¥, is (W: ¥, )"?f ,» Eq.
(4.20) becomes

¥,PTH(0)=L (4.21)

So this is a least squares solution for L once ¥a is known. To solve for ¥, substituting

Eq. (4.21) into Eq. (4.18) yields

BTHQ1) =¥.AY.PTH(0) (4.22)

Define

H,()=P H(Q) H,(0)=FH(0) (4.23)
where H,,(1) and H,,(0) will be of full row rank. Then the original Eq. (4.22) becomes

H,,(1) = P2 A¥.H,,(0) (4.24)

Postmultiplying Eq. (4.24) by the transpose of the Hankel matrix H,,(0) produces

Hp(DH," (0) = PsA¥ 2 H,, (0)H," (0) (4.25)
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For a system with n order, H,,(0)H, P,,T (0) is of dimensions n X n and is full rank only if

H,,(0) is full row rank. In this case, postmultiplying Eq.(4.25) by the inverse of
H,(0)H,(0) gives

Hpu(1)H " (O)] Him (O)H,,,T(O)]’l =¥.A¥, (4.26)
Define a n Xn matrix E
E=H,,()H, (O)[H, (OH, O] (4.27)
= Hp(1)H} (0)

where H,,(0)= H,,,,T(O)[H,,,. (O)H,,,.T(O)]-l. Note that E is calculated directly from the

Hankel matrices. Equation (4.26) becomes

E=U.A¥; (4.28)

To see that Eq. (4.28) is as an eigenvalue problem, postmultiply Eq. (4.28) by ¥,
noting that ¥, ¥, = I, where I, is an identity matrix with order n

E?ﬂ = _@—nA@—:l—P.n = l_I;»A (4.29)

where
A=diag(e*, e, -, &™)=diag(z,z,"2)
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and A, = 0, + jw,, r=1, 2, ---, n. Solving the eigenvalue-eigenvector problem in Eq.
(4.29), the damping factors o,, and damped natural frequencies @, of r-th mode can be

determined as

o = Rednz) o, = mdnz) 430
r At " At (4.30)

From Egs. (4.4) and (4.5), the mode shape and modal participation matrices can be

computed as follows

and
(4.31)

Recall that ¥ = B¥,, L=, H.\(0), and H,.(0)= B H(0) given in Egs. (4.16),
(4.17), and (4.23), then

\P=E[1;-B|¢n (4-32)

The matrix ¥, is determined from the eigenvalue problem as given in Eq. (4.29) and once

it is known L is determined by a least squares method given in Eq. (4.17)

L="%,'PTH(0)E,, (4.33)

The procedure of the MRTD method is
1) Form the Hankel matrices H(0) and H(1)
2) Obtain the singular value decomposition matrices [P, Z, @] of H(0).
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3) Select the order of the system by truncating the decomposition matrices [P, Z, Q]

4) Premultiply both Hankel matrices by PT to get H,,(0) and H,,(1) and form E.

5) Solve the eigenvalue-eigenvector problem in Eq. (4.29) to obtain the eigenvalues and
eigenvectors of E matrix.

6) Calculate the frequencies and damping factors from Eq. (4.30).

7) Calculate the mode shapes from Eq. (4.32).

8) Calculate the modal participation matrix from Eq. (4.33).

This realization results in complex-valued mode shape and modal participation matrices. In
next section, the real-valued realization of the MRTD method will be derived to compare

with the output-normal realization of the ERA in Chapter 5.

4.2.2 Real-Valued Realization of MRTD

The combination (A, L,¥) is a complex-valued realization of the MRTD method in

complex modal coordinates. To obtain an equivalent realization where the matrices are real,
it will be shown below that the matrix E can be used as the system matrix. The
corresponding input matrix F and output matrix G of the MRTD method can then be
derived. First, we show that the matrix E in MRTD can be expressed in terms of singular

value decomposition matrices [P,,, Zn, Q,.] of H(0) and the Hankel matrix H(1).

Recall that from Eq. (4.27), the E matrix in MRTD is
E = Hyp (D Hy (O Hn (O Hpn ()] = Hpn(1)H3(0)

From Eq. (4.23) the reduced Hankel matrices H,,(1) and H,, (0) can be written in terms of

by the Hankel matrices H(1) and H(0)
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E=BTHO(RTHO)) [BTHO(ETHO) | (4.34)

Note that
H(0)= PxQ"

_ ., 0f¢f

=[5 P'][O 2:][@’]
where

>, O
p=[R, P] - 2=[0 z] , 0=[0, 0]

Hence,

H(0)=PRX,.0f + PZ.OF ’ (4.35)

P, is the matrix formed by the remaining columns of P, X, is the diagonal matrix of the

remaining singular values in X, and Q, is formed by the remaining columns of Q . Note
that in the absence of noise, X, is a zero matrix identically. In the presence of noise Z, is

generally non-zero. Premultiplying Eq. (4.35) by B/, then Eq. (4.35) becomes
PTH(0)= B’ RX,Q) + PTRZ.O0

Since the columns of P are orthonormal, P[P, is an identity matrix and PP, is a zero

matrix. Therefore,

PTH(0)=Z,0f (4.36)
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Note that this result is independent of how the singular values are truncated. In other (
words, Eq. (4.36) is valid for both noise and noise-free cases. Substituting Eq. (4.36) into

Eq. (4.34) yields
E=FTHQ)(Z.0F )T[E,Q} (ZnQﬂT)Tr

= FPHDQ.Z,(22)"

Hence,
'E=PR H1)O.Z; (4.37)

Therefore, the matrix E in MRTD can be written in terms of the singular value

decomposition of H(0), and H(1). From Eq. (4.29), the E matrix in MRTD can be

diagonalized as

E=%,A¥, (4.38)

Therefore,
A=Y, EP, (4.39)

where A is a diagonal matrix of eigenvalues of E, ¥, is an eigenvector matrix of E.

Recall that the pulse response function in the modal space coordinates is expressed as

Y(k)=WA'L (4.40)

Replacing A in above Eq. (4.40) by ¥, E¥. in Eq. (4.39) yields

Y(k) =(¥Fx )E(PaL)
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To make the realization [E, F, G] equivalent to the complex valued realization

[A, L, Y] of the MRTD method in modal space coordinates, we must have

G=¥¥, (4.41)

and
F=V¥,L (4.42)

so that WA'L=GE*F. Since ¥ =E,¥ and L=1LE,, in Eq. (4.31), Egs. (4.41) and
(4.42) become

G=ELPY. (4.43)

and
F=%¥,LE, (4.44)

From Eq. (4.16), ¥ = B, ¥,. Therefore, Eq.(4.43) becomes

G=ELRV,.¥, =EfP,

which is a real-valued output matrix. Also, from Eq. (4.17),

L=V, PTH(0)

-1

=¥,z,0f (4.45)

since BYH(0)=X,0F as given in Eq. (4.36). Substituting Eq. (4.45) into Eq. (4.44)
yields
F=Z,0/E,,
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which is a real-valued input matrix. In summary, we have found a real-valued realization

[E. F, G] of the MRTD method,

E=FRHDQ.Z

F=X,0'E,, (4.46)
G=E.P,
Equation (4.46) is the same as Eq. (3.20).

In the original formulation for the MRTD method,!7 the transfer matrix P is found

by solving the following eigenvalue problem
H(0)HT (0)P = PX?

If the Hankel matrix has more rows than columns, then the size of the matrix H(0)H” (0)
may be become too large to be installed in a small computer.!” This motivates a modified
formulation that does not require solving a large eigenvalue problem. This is known as the
Modified Multiple-Reference Time Domain method (MMRTD).!” In next section, the
MMRTD is presented.
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4.3 Modified Multiple-Reference Time Domain (MMRTD)

4.3.1 Traditional Development

In this section, a complex-valued realization [A, L,, ‘I’m] by the Modified

Multiple-Reference Time Domain method (MMRTD) in modal space coordinates is

derived!?, and also an equivalent real-valued realization [E,, F,, G,] of the MMRTD

method will be derived. The procedure starts from the singular value decomposition of the

Hankel matrix H(0) in the same way as the MRTD and ERA methods do. The Hankel

matrix H(0) can be written as

H(0)=PZQ" ~ RZ,0; (4.47)
or v ,
H'(0)=QzP" =Q,3,PT (4.48)
Recall that the Hankel matrices H(0) and H(1) can be written as

HO) =YL and HQ)=WAL

Transposing the above equations yields
H'(0)=T'¥" (4.49)
H () =TA¥F" (4.50)

Premultiplying Egs. (4.49) and (4.50) by the transfer matrix OF produce
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OFHT(0)=Q'L'¥" (4.51)

and
OFHT(1)= QT L' AF" (4.52)

. . C . =T
After singular value truncation, define the reduced modal participation matrix L, as

I.=Q'L" (4.53)

Equations (4.51) and (4.52) become
OFHT(0) =L ¥" (4.54)
OTHT(1) = Lo AP (4.55)

Premultiplying Eq. (4.54) by L. gives

L.Q’H'(0)=L,L, ¥~ (4.56)

— (= =1\l —
Define a generalized inverse matrix L, = (L,. I ) L., L. must have full row rank, Eq.
(4.56) becomes

L.Q"THT(0)=¥" (4.57)

Substituting Eq. (4.57) into Eq. (4.55) yields
OFHT(1) = Li AL, QT H (0) (4.58)

Define the reduced Hankel matrices H,,(0) and H,, (1)
H,,(0)=Q0;H" (0) (4.59)

H, 1)=Q H" (1) (4.60)
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Equation (4.58) becomes

Hp,(1)=Tr ALy Hpn (0) (4.61)

Postmultiplying Eq. (4.61) by the transpose of the Hankel matrix Hy,(0) yields

Hon(1)HE,(0) = L7 AL+ Hy (0)HE,(0) (4.62)

where HQ,,(O)Hg,,(O) is a nxn full rank matrix. Postmultiplying Eq. (4.62) by the

inverse of H,,(0)H_,(0) matrix gives

Ho,(H5,(0) Hon(0)HE,(0)] " =L AL (4.63)
Define
E}, = H,, (DH, (0)[ Hy, (0)HG, )] (4.64)
Equation (4.63) becomes
EL=T.AL, (4.65)

Since L, L is an identity matrix, postmutiplying Eq. (4.65) by L», one obtains

T

T =T —4=T =T f— —7\1— —
EITl =TiAL I = LZA(L,. I ) L.L: (4.66)
Therefore, the eigenvalue problem is

ElL.=I:A (4.67)

or
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L.E, = AL, (4.68)

where
A= diag(elmt’ elel’ elnAt) - diag(ZhZZ""’zll)

and A, = 0, + jo,, r=1, 2, ---, n. Solving the eigenvalue-eigenvector problem in Eq.
(4.67), the damping factor o,, and damped natural frequency @, of r-th mode can be

determined as

Re(lnz,) o = Im(lnz )

4.6
At " At (4.69)

r

The mode shape and modal participation matrices given in Eq. (4.31) are

L=LE,,

*

&

¥ =EL

Recall that L =L.0} and ¥ = H(0)Q,(L.)" given in Egs. (4.53) and (4.54). Therefore,

L=T.07En. (4.70)

The matrix L, is determined from the eigenvalue problem as given in Eq. (4.67) and once

itis known, ¥ is determined by a least squares solution

¥ = ELH(O)Q: (L) (4.71)

The procedures of the MMRTD method are
1) Form the Hankel matrices H(0) and H(1)
2) Obtain the singular value decomposition matrices [P, X, Q] of H(0).
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3) Select the order of the system by truncating the decomposition matrices [P, zZ, Q]

4) Premultiply the transpose of both Hankel matrices given in Egs. (4.49) and (4.50) by
Q7 to get Hy,(0) and Hp,(1) and form EL.

5) Solve the eigenvalue-eigenvector problem in Eq. (4.67) to obtain the eigenvalues and
eigenvectors of EX matrix.

6) Calculate the frequencies and damping factors from Eq. (4.69).

7) Calculate the mode shapes from Eq. (4.71).

8) Calculate the modal participation matrix from Eq. (4.70).

Therefore, the combination [A, L., Y. is a complex-valued realization of

the MMRTD method in complex modal coordinates. In the original formulation for

MMRTD method, the transfer matrix Q is found by solving the following eigenvalue

problem17

H'(0)H(0)Q = 0%*

In the case H(0) has more number of rows than columns, the product H” (0)H(0) is of
smaller dimensions. In the next section, the real-valued realization of the MMRTD method
will be derived to compare with the input-normal realization of the ERA in Chapter 5.

4.3.2 Real-Valued Realization of MMRTD

Alternately, if the E, matrix in Eq. (4.64) is used as the system matrix, the
corresponding input matrix F, and output matrix G,, of the MMRTD method can be

derived as follows. First, we show that the matrix E,, in MMRTD can also be expressed

in terms of the singular value decomposition matrices [B,, )N Q,,] of H(0) and the
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Hankel matrix H(1) in the same way as the matrix E does in MRTD. Recall that from Eq. ( B
(4.64), the matrix E, in MMRTD is

ET = H,, (DHG, (0)H,, (0)HE, ()]

Recall that H(0)=PRX,0f + BX,Q] as given in Eq. (4.35) in Section 4.2.1.
Postmultiplying both sides of Eq. (4.35) by Q,, then the Eq. (4.35) becomes

H(0)Q, = BX,0: 0. + PZ.07 Q.

Since the columns of Q are orthonormal, Q7 Q, is an identity matrix and Q7 Q, is a zero

matrix. Therefore,

H(0)Q, =R, (4.72)

Note that this result is independent of how the singular values are truncated. In other

words, Eq. (4.72) is valid for both noise and noise-free cases. The reduced Hankel

matrices H,,(0) and H,,(1) in Egs. (4.59) and (4.60) can be replaced by the Hankel
matrices H(1) and H(0), respectively with above Eq. (4.72). Therefore, equation (4.64)
becomes

-1

Er = OTH" QT HT O)) [ 0T HT (@7 H 0))' |
= QTH" ()R, [22] = OTHT ()RS

or
E, =X;'RFTH()Q, (4.73)
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The E,, matrix in the MMRTD method can be diagonalized with its eigenvector matrix L,

as

E,=L,'AL,
Therefore,
A=L.E,L; (4.74)

At AAt
eM .

where A = diag(e - e ) is a diagonal matrix of the eigenvalues of L.. Recall

that the pulse response function in the modal coordinates is

Y(k)=¥A'L | (4.75)

Replacing A in Eq. (4.75) by L.E, L. in Eq. (4.70) yields

Y(k) =(¥YL.)EL (L. L)

To make the realization (E,, F,, G,) equivalent to the complex realization

[A, L., ¥.]ofthe MMRTD method, one must have

G, =YL, (4.76)

and
-1

F,=L,L 4.77)

where L. is the eigenvector matrix of E,, so that WA*L=G, EEF,. Recall that

¥ =E, ¥, and ¥ = H(0)Q, L as given in Egs. (4.31) and (4.54), respectively Hence,
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¥ = ELH(0)Q, L, (4.78) (
Substituting Egs. (4.78) and (4.72) into Eq. (4.76) yields

G = E;RX,

which is a real-valued output matrix. Also, from Eq. (4.70), we know that L = L,Q7E,,.

Therefore, Eq. (4.77) becomes

which is a real-valued input matrix. In summary, we have found a real-valued realization

of the MMRTD method,
E, =X FTHQQ,
F,=0'E,_ (4.79)
G. =E_PX,

Equation (4.79) is the same as Eq. (3.10).
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Chapter 5

Coordinate Transformation Matrices between
Different Equivalent Realizations

In this chapter, the coordinate transformation matrices between different equivalent
realizations presented in previous chapters will be derived. Section 5.1 describes the
relationship between output-normal form of the ERA and MRTD methods. Section 5.2
describes the relationship between input-normal form of the ERA and MMRTD methods.
In Section 5.3, the céordinate transformation matrices between three different equivalent

realizations, input-normal, internally balanced, and output-normal realizations, are derived.

5.1 Relationship between ERA and MRTD Realizations

For convenience, the output-normal realization of the ERA and the real realization
of the MRTD method are summarized below. With H(0)= F,Z,0f in the noise free case

and H(0)= RX,Q! in the noise case, recall that the output-normal minimal realization of

the ERA given in Eq. (3.20) is
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A, =PTHQ,Z;
B,=X,0'E, (5.1)
C,=E.P,
Recall also that the real valued realization of the MRTD method given in Section 4.2.2 is
E=H,(OH, O)H,OH, O]

F=3 Q'E_ (5.2)

G=E,P,

where we have used the formula for E as derived in the original MRTD formulation.

However, it is shown in Eq. (4.37) that the expression for E in Eq. (5.2) is the same as
E=PTH1)Q X
Comparing Eq. (5.1) to Eq. (5.2) reveals that the real-valued realization (E. F, G)of

the MRTD method is exactly the same as the output-normal realization

(As» B,, GC,) of the ERA, ie.,
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5.2 Relationship between ERA and MMRTD Realizations

In this section, the relationship between the real realization [E,., F., G,] of the

MMRTD method and the input-normal realization [A;, B;, G] of the ERA is shown.

Recall that the input-normal minimal realization of the ERA given in Eq. (3.10) is

A =Z'RTH1)Q,

B =QE, (5.3)
G =ELRZ,

Recall also that the real realization of the MMRTD method given in Section 4.3.2 is

E}, = H,, (1)H, (0)(H,,(0)Hp, (0))'l
F =Q'E (5-4)
Gm = E};an

where again, we have used the formula for EJ, as in the original MMRTD formulation.

Howeyver, it is shown in Eq. (4.73) that the expression for E, in Eq. (5.4) is the same as

E, =Z}PTH()Q,
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Comparing Eq. (5.3) to Eq. (5.4) shows that the real realization (E,., F,, G,) of the
MMRTD method is the same as the input-normal realization (A;, B, C;) of the

ERA, ie.,

Qo
I
a%»

5.3 Transformation Matrices between three Realizations of
the ERA

In this section, the transformation matrices between three different realizations,
input-normal, internally balanced, and output-normal realizations of the ERA, are derived.

Recall that the internally balanced minimal realization of the ERA given in Eq. (3.15) is
4, =IAPTHQE,”
B,=XV0°E_ (5.5)
C, = E}Rs)

Comparing Eq. (5.1) to Eq. (5.3) reveals that the output-normal and the input-normal

realizations of the ERA are related by the transformation matrix %,, ie.,

A, =%,A%; A =3'A%,
B,=%,B or B =3;'B, (5.6)
Co = CZ;I Ci = Cozn
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Similarly, comparing Eq. (5.1) to Eq. (5.5) reveals that the output-normal and internally

balanced realizations of the ERA are related by the transformation matrix 2,,% , le.,

A =3fazt A =T )AL
B, =%%B, or B, =%B, (5.7)
C, =Gz C, =Gzt

Finally, comparing Eq. (5.3) to Eq. (5.5) reveals that the input-normal and internally

balanced realizations of the ERA are related by the transformation matrix Z;%, ie.,

A =X A5l A =ZPAL)
B =3B, or B,=X/B (5.8)
G =Gzl G, =Cz/

5.4 Summary Graphics

In previous sections, the transformation matrices between the three different
equivalent realizations of the ERA are presented. Recall that the real realization of the
MRTD method is the same as the output-normal realization of the ERA, and the real
realization of the MMRTD method is the same as the input-normal realization of the ERA.

These transformation matrices are summarried in the following graphics.
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Chapter 6

Numerical Results

The three realizations of the ERA and the realizations of the MRTD and MMRTD
methods are theoretically identical and would give the same mode shapes and complex
frequencies when there are no numerical errors. The purpose of this chapter is to determine
the difference for computer implementation. The theoretical results presented in Chapters
3-5 are now illustrated by a set of examples using both simulated and actual experimental
data. The simulated system has closely spaced frequencies and mode Shapes. The test
example is performed using data from an actual stfucture (HMB-2R). The following
example will show that from the Hankel matrix, the input-normal, output-normal, and
internally balanced realizations of the ERA are equivalent to 11 decimal places.
Furthermore, the real-valued realization of the MRTD method is numerically the same as
the output-normal realization of the ERA and the real-valued realization of the MMRTD
method is numerically the same as the input-normal realization of the ERA. The calculation

is performed using double precision 386 MATLAB?* on an IBM 386 personal computer.
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6.1 Simulation Results

In the simulation example, the data is generated from an eight-order, four-output,
and one-input system with the following modal characteristics. The real-valued mode

shape matrix is taken to be

.00 0.00 2.00 0.00 2.002 0.00 3.00 0.00
_{2.00 0.00 3.00 0.00 3.003 0.00 4.00 0.00

Y, = v
1.00 0.00 3.00 0.00 3.003 0.00 4.00 0.00 (6.1)
0.00 0.00 2.00 0.00 2.002 0.00 4.00 0.00
with damping factors and damped frequencies given in Table 2.
Table 2: Damped fréquencies and damping factors of model used in simulation
Mode Damped Frequencies Damping Factor
No. Wy (Hz) &r
1 1.000 0.0025
2 9.000 0.0022
3 9.003 0.0022
- 4 ) 20.000 0.0499
The real-valued modal participation vector L, is given in Eq. (C.4) where
4 1.0 ?n 0 6 %
A S - . or|_| 75| o|®|l 7 ‘2
BIABEE 13 0 6; 7 3 (6.2)
t| |40 o] | 6.] |0
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The real system matrix A, is given in Eq. (C.2) with the damped frequencies and damping
factors given in Table 2. Note that the second and the third modes have closely spaced
frequencies and specially similar mode shapes. The Markov parameters of the system

described by A,, ¥,, and L, are computed from (see Appendix C)

Y(k)="¥,(A,) L, (6.3)

With the simulated data computed from Eq. (6.3), the Hankel matrix is formed with 127
row shifts and 31 column shifts. The Hankel matrix size is 512 32. This Hankel matrix
is used to compute all the realizations shown below. The 127 row shifts were selected to
produce about 1 cycle of the lowest frequency. The data span does not cover a beating

period of the closely spaced frequencies which would require a 42721 x 32 matrix.

6.1.1 Noise-free Results

In this section, results from the three realizations of the ERA method will be
presented. It will be showed that three realizations of the ERA produce the same Markov
parameters. These three different realizations can be transformed from one to the other by
transformation matrices. The damping factors, damped frequencies, and mode shapes of
the MRTD and MMRTD methods are verified to be the same as results from three

realizations of the ERA. In the following examples, only three decimal places are shown.
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For the noise-free case, the three realizations of the ERAare

(1) Input-normal realization

0.551 0.828 0.000 0.000  -0.000 0.000 —0.000 0.000 ]
-0.829 0.556 -0.000 -0.000 -0.000 0.000 0.000 -0.000

0.012 0.008 0.972 -0.037 0.18¢ -0.033 0.000 -0.000

0.014 0.009 -0.047 0.929 0.351 -0.016 0.000 —0.000
A= 0.062 0.042 -0.247 -0.377 0.905 0.009 0.000 -0.000
-0.149 -0.102 0.180 0.073 0.034 0.990 -0.000 0.000
-0.053 -0.036 0.043 0.015 0.032 -0.058 0.902 -0.378
-0.031 -0.021 0.050 0.034 -0.097 0.246 0.479 0.904 |

[ 0.240]
-0.097
-0.220
-0.107
B = | -0.103
0.326
0.188
| -0.259 | (

(6.4)

85.375 34.197 -0.023 0.533 -6.074 4.969 0.000 -0.003
113.911 44960 -0.196 0.863 -8.373 9.629 0.000 -0.004
GCi=[113.831 45.682 0.126 0.736 -9.846 5283 0.000 —0.004
113.677 46.869 0.300 0.406 -7.549 0.620 0.000 -0.003

(2) Output-normal realization

[0.551 0.829 0.001 0.002 -0.002 0.000 -0.003 0.044 ]
-0.828 0.556 -0.000 —0.001 -0.000 0.001 0.002 -0.032
0.001 0.000 0.972 -0.042 0.213 -0.077 0.000 -0.012
0.001 0.000 -0.042 0.929 0.363 -0.033 0.001 -0.012
A, =|0.005 0.003 -0.214 -0.365 0.965 0.018 0.002 -0.042
-0.006 -0.004 0.079 0.036 0.017 0.990 -0.004 0.054
-0.000 -0.000 0.000 0.000 0.000 -0.000 0.9502 -0.422
[-0.000 -0.000 0.000 0.000 -0.000 0.000 0.429 0.904 |
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[ 386.144 ]
-156.163
-37.671
B, = —15.349
24.397
0.008
| -0.010 |
0.053 0.021 -0.000 0.003 -0.041 0.066 0.012 -0.081
0.070 0.028 -0.001 0.005 -0.056 0.128 0.022 -0.122
C= 0.070 0.028 0.000 0.004 -0.066 0.070 0.015 -0.123
0.070 0.029 0.001 0.002 -0.051 0.008 0.005 -0.083
(3) Internally balanced realization
[ 0.551 0.829 0.000 0.000 -0.000 0.000 -0.000 0.000 ]
-0.829 0.556 -0.000 -0.000 -0.000 0.000 0.000 -0.000
0.003 0.002 0972 -0.039 0.198 -0.050 0.000 -0.000
0.004 0.003 -0.045 0.929 0.357 -0.023 0.000 -0.000
A, =| 0.018 0.012 -0.230 -0.371 0.905 0.012 0.000 -0.000
-0.032 -0.022 0.119 0.051 0.024 0.990 -0.000 0.001
-0.000 -0.000 0.000 0.000 0.000 -0.001 0.902 -0.400
[-0.000 -0.000 0.000 0.000 -0.001 0.005 0.454 0.904 |
[9.632
-3.898
-2.884
B, = |-1263
2.823
0.039
| 0.051 |
2.129 0.853 -0.001 0.043 -0.499 0.575 0.002 -0.016
2.841 1122 -0.015 0.069 -0.689 1.114 0.004 -0.024
G = 2.839 1140 0.009 0.059 -0.810 0.611 0.003 -0.024
2.835 1169 0.023 0.032 -0.621 0.071 0.001 -0.016
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Note that in the input-normal realization, the elements of the input matrix B; range from
—0.097 to 0.326, a ratio of less than four while the elements of the output matrix C; have
values ranging from 2.401x10™ to 113.911, a ratio of about 10°. Similarly, in the
output-normal realization, the elements of the output matrix C, range from -0.0001 to
0.128, a ratio of 1280 while the elements of the input matrix B, have values ranging from
0.008 to 386.144, a ratio of 48000. However, in the internally balanced realization, the
elements of the input matrix B, range from 0.039 to 9.632, a ratio of 250, and the elements
of the output matrix C, range from 0.001 to 2.841, a ratio of less than 2800. From this,
we might expect the internally balanced realization to be better conditioned numerically.
Numerical test shows that the realizations of the ERA produce the same Markov parameters

to 11 significant digits. That is
CiB;=C,B, =GB,
CAB =C,AB, = CAsBy
and
CA?B = C,A’B, = C,A; By
CAB; = C,AS*B, = G,A;*B,

to 11 significant digits.

Comparing Egs. (6.4), (6.5), and (6.6), transformation matrices between three

realizations of the ERA can be obtained
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(1) The transformation matrix from input-normal realization to internally balanced

realization is

[40.086 0 0 0 0 0 0 0 7

0 40.062 0 0 0 0 0 0

0 0 13.062 0 0 0 0 0

T _2% _ 0 0 0 12.357 0 0 0 0

b= &n = 0 0 0 0 12.150 0 0 0

0 0 0 0 0 8.642 0 0

0 0 0 0 0 0 0.210 0
|0 0 0 0 0 0 0 0199

i.e.,

[0.551 0.829 0.000 0.000 -0.000 0.000 —0.000 0.000 ]
—0.829 0.556 -0.000 —-0.000° —0.000 0.000 0.000 -0.000
0.003 0.002 00972 -0.039 0.198 -0.050 0.000 -0.000
0.004 0.003 -0.045 0.929 0.357 -0.023 0.000 -0.000
T,AT;' =| 0.018 0.012 -0.230 -0.371 0.905 0012 0.000 -0.000
~0.032 -0.022 0.119 0.051 0.024 0.990 -0.000 0.001
—0.000 -0.000 0.000 0.000 0.000 =-0.001 0.902 -0.400
|-0.000 -0.000 0.000 0.000 —-0.001 0.005 0.454 0.904 |

The values of the elements in T»A;T;' and A, given in Eq. (6.6) agree up to 14 decimal
places except for 8 values that agree up to 12 decimal places. Likewise, T:B; =B, to 14

decimal places and GT;' = C; to 14 decimal places.
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(2) The transformation matrix from output-normal realization to internally balanced

realization of the ERA is

0024 0 0 0 0 0 0 0]

0 0024 0 0 0 0 0 0

O 0 006 0 0 0 0 0

O o0 0 0080 0 0 0 0

T,=%%=0 0 0 0 00822 0 0 0

o 0 0 0 0 015 0 0

O o 0 0 0 0 4747 0
o 0o o 0 0 0 0 5014

The values of the elements in T,,A,T;' and A, given in Eq. (6.6) agree up to 14 decimal
places except for 7 values that agree up to 12 decimal places, T.,B, = By to 14 decimal

places, and C,T;' = C; to 14 decimal places.

(3) Similarly, the transformation matrix from input-normal realization to output-normal

realization of the ERA is

[1606.942 0 0 0 0 0 0 0

0 1604974 0 0 0 0 0 0

0 0 17062 0 0 0 0 0

0 0 0 152718 0 0 0 0

L=Z.= o 0 0 0 147630 0 0 0

0 0 0 0 0 74688 O 0

0 0 0 0 0 0 0044 0
0 0 0 0 0 0 0  0.039

The values of the elements in T,,A;T,' and A, given in Eq. (6.5) agree up to 14 decimal
places except for 6 values that agree up to 11 decimal places. Likewise, T,,B; = B, to 14
decimal places, and G;T;' = C, to 14 decimal places. The real realization of the MRTD
method given in Eq. (5.2) is found to be the same as the output-normal realization of the

ERA given in Eq. (5.1) to 12 significant digits. Also, the real realization of the MMRTD
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method given in Eq. (5.4) is found to be the same as the input-normal realization of the
ERA given in Eq. (5.3) to 12 significant digits. From a practical standpoint, the particular

form of the realization will have no influence on the results.

6.1.2 Noise-contaminated Results

In this section, results with noise from three realizations of the ERA method will be
presented in terms of damping factors, damped frequencies, and mode shapes. In the
presence of noise, the results will not be exact. However, it will be shown that three
realizations of the ERA still produce the same Markov parameters to 12 significant digits.
It will be shown that even in the presence of noise, the real realization of the MRTD method
is still the same as the output-normal realization of the ERA to 14 decimal places and the
real realization of the MMRTD method is still the same as the output-normal realization of
the ERA to 13 decixﬁal places. The transformation matrix between MRTD and MMRTD

will be shown. In the following results only three decimal places are shown.

To examine the case with noise, noise are added in the data which are then used in

the different algorithms. Eq. (6.3) is replaced by

Y(k)="¥,(A,) L +e(k) (6.7)

where £(k) is zero-mean Gaussian noise with a standard deviation of 5% of the response.

For the noise case, the three realizations of the'ERA are
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(1) Input-normal realization

-0.000 0.000 -0.000]
-0.000 -0.000 0.000
-0.033 0.000 -0.000
0.011 -0.000 0.000

0.008
0.985

0.000 -0.000

0.002

0.001

[0.551 0.828 -0.000 0.000 0.000
~0.829 0.556 0.000 —-0.000 —0.000
-0.013 —-0.009 0.966 0.038 0.207
0.014 0.009 0.052 0.934 -0.339
~0.063 -0.043 -0.272 0.361 0.905
0147 0.100 0.180 -0.057 0.033
0.038 0.026 0.034 -0.007 0.028
|0.011 -0.007 —0.012 0.004 0.004

[ 0.240 ]
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0.227

-0.092

B =| 0.105

-0.329

—0.151

| 0.003 |
86.208 33.661 0.233 6.794 6.099
_|113.194 46383 0.411 1088 7.427
" 71114.069 44.782 -1.560 -1.849 10.304
113.050 47.856 0.728 -6.164 7.432

(2) Output-normal realization
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0.001

0.006
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-0.828 0.556 0.000 -0.001 -0.000
—0.001 -0.000 0.966

0.000
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0.373
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(6.8)



[ 386.389 ]
~155.714
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~14.171
B, =| 15.784
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0.053 0.020 0.001 0.004 0.040
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(3) Internally balanced realization
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-0.829 0.556 0.000 -0.000 -0.000 -0.000 -0.000 0.000
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The deviation caused by the noise can be seen by comparing Egs. (6.4) to (6.8), Egs. (6.5)
to (6.9), and Egs. (6.6) to (6.10). The differences are in the second or third decimal
places. It was verified that the three realizations of the ERA produce numerically the same
Markov parameters. By this, we mean that the Markov parameters computed from the

three realizations agree to 12 significant digits. For example

C‘iBi = CoBo = CbBb
CAB = C,A,B, = CAsBy

and

CiAizBi = Cvoz B, = CbAZ By
CAH B = C,AS®B, = GA;“ B,
to 12 significant digits. They also produce numerically the same damping factors, and
damped frequencies which are given in Table 3. The closely spaced frequency that is not
identified is marked with the symbol “_” in Table 3 because the data length is not long

enough to include the beating period. The true answers are given in Table 2.

Table 3: ERA identified damping factors and damped frequencies with noise

Mode Damped Frequencies Damping Factor
No. Oyr (Hz) g

1 0.990 0.099

2 9.030 0.002

3 = =

4 20.000 0.002

72



and the real mode shape matrix is found to be

1.000 0.000 2.000 0.000 2.002 0.000 3.000 0.000

v = 1.958 -0.080 2.716 0.170 2.650 -0.054 4.834 1914 (6.11)
r 0.855 -0.178 3.045 0.005 2.648 -0.001 -0.116 4.420
-0.046 0.026 1915 0.342 2.649 -0.045 1996 3.175

Comparing Egs. (6.8), (6.9), and (6.10), the transformation matrices between three

realizations of the ERA can be obtained in the following.

(1) The transformation matrix from input-normal realization to output-normal realization

of the ERA is given in Eq. (5.6), T,, =X,. Similarly, the matrix T,AT, =A, to 13

decimal places, T;,B; = B, to 14 decimal places, and C.T,' = C, to 14 decimal places.

(2) The transformation matrix from output-normal realization to internally balanced

realization of the ERA is given in Eq. (5.7), T, = Z;%. The matrix T,,A,T,; is the same
as A, to 13 decimal places, T,B, = B, to 14 decimal places, and C.T: = C, to 14 decimal

places.

(3) The transformation matrix from input-normal realization to internally balanced
realization of the ERA is given in Eq. (5.8), T, = Z,%é. The matrix T,AT,' is the same as
A, given in Eq. (6.10) to 13 decimal places. Likewise, T;»B; = B, to 14 decimal places,
and C;Ty' = G, to 14 decimal places.

For the simulated data which has a closely spaced frequencies and mode

!
shapes, there is no significant numerical difference for identification of frequencies,
damping factors, and mode shapes between input-normal, output-normal, and

internally balanced realizations of the ERA.
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6.2 Test Data

The methods are tested using one set of the Hybrid Model Build 2 Rigid (HMB-2R)
random pulse input datal8, A schematic of the structure is shown in Fig. 1. There are 93
accelerometers on the structure of which 8 sensors on the main truss were selected
(1003x +, 1003z —, 1007x +, 1007z +, 1083x +, 1083z —, 1087x+, and 1087z +). The
notation x+ implies that the accelerometer measures positive acceleration in positive x
direction and the notation x — implies that the positive acceleration is in negative x
direction, etc. The system has 8 outputs. Free decay responée from three separate tests
(Tests A, B, and C) are used in the computation using the ERA, MRTD, and MMRTD
methods. The response at output locations 1003z — and 1087x + | of the HMB-2R structure
are shown in Fig. 2 and Fig. 3, respectively for Test A. The output of each accelerometer
has been passed through a low pass filter with a cut off at 40 Hz. Responses at other
output locations (1003x+, 1007x+, 1007z+, 1083x+, 1083z—, and 1087z +) afe
similar, and not shown here. The power spectral densities of the data are shown in Figs.
4,5, and 6 for Tests A, B, and C, respectively. The identified frequencies and damping
factors are shown in Table 4 in Case 1 and Case 2. The data used in Case 1 has a sampling
rate of 128 Hz, and the data used in Case 2 has a sampling rate of 64 Hz so that a longer
time record can be used. This also helps identify the lower frequency mode of the system
since a longer time history and a lower sampling rate are used in the second test. There is
no unique way to select the size of the Hankel matrix. In both cases, the Hankel matrix
used to obtain the results shown here has 128 row shifts and 32 column shifts. Therefore,
the size of the Hankel matrix is 1032 x 99. Note that in this case, the data that are used to
make the data matrix are not the Markov parameters but free decay data samples.
However, for convenience, we still refer this matrix as a Hankel matrix. The results
obtained from Case 1 and Case 2 are close to the results obtained from a more complete

study as shown in Cases 3-5.18 In both Cases, the total number of the singular values is
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99. The damped frequencies and damping factors shown in Table 4 are obtained by
keeping 96 singular values. Therefore, the size of the identified system matrix A in the

ERA (or E in the MRTD method or E,, in the MMRTD method) is 96 X 96.

75



76

Fig.1: NASTRAN ¢~ " points for HMB-2R structure
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Fig. 2: Free decay response at output location 1003z- of the HMB-2R structure (Test A)
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Fig. 3: Free decay response at output location 1087x+ of the HMB-2R structure (Test A)
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Table 4: Identified frequencies and damping factors using test data from the HMB-2R

structure by keeping 96 singular values

Case 1 Case 2 Case 3 | Case 4 | Case 5
At = Yo (sec) At = I, (sec) |
Mode Freq. Damping| Freq. Damping| Freq. Freq. Freq.
No. (H?) Factor (Hz) Factor (Hz) (Hz) (Hz)
1 - - 0.91 0.018 091 091 091
2 3.01 0.887 2.79 0.160 2.72 2.72 272
3 3.51 0.67 3.51 0.005 3.52 3.51 3.52
4 4.65 0.004 4.66 0.005 4.66 4.66 4.66
5 4.96 0.007 5.02 0.004 5.03 5.02 5.02
6 7.42 0.871 7.42 0.003 7.43 7.42 7.43
7 - - 9.75 0.003 9.76 9.75 9.76
8 1019 0008 | 1019 0002 | 1020 | 1020 | 1020
9 11.82 0.032 11.05 0.002 11.06 11.06 11.06
10 12.11 0.034 12.13 0.004 12.14 12.14 12.14
11 _ _ 12.6 0.007 12.65 12.65 12.65
12 13.30 0.001 13.30 0.002 13.27 13.30 13.22
13 13.52 0.002 13.49 0.001 - 13.44 13.30
14 16.03 0.273 16.04 0.002 16.05 16.04 16.05
15 - - 16.58 0.062 - _ 16.05
16 22.28 0.026 22.27 0.002 22.28 22.28 -
17 25.28 0.005 25.37 0.003 _ 25.13 25.29
18 25.96 0.006 25.79 0.003
19 38.21 0.081 - _
20 38.69 0.0002 _ _

The modes that are not identified in each case are marked with the symbol "_" in
Table 4. Because the signal is filtered at 40 Hz, modes above 40 Hz are not presented.

The power spectral densities in Figs. 4-6 of course show that there is little information in
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the signals beyond 40 Hz. From the power spectral density plots in Figs. 4-6, the stronger
modes are at about 5 Hz, 7 Hz, 16 Hz, and 38 Hz. The identified frequencies shown in
Table 4 are in agreement with the power spectral density plots in Figs. 4-6. An overlay of
the power spectral density plots from actual data and from the identified model is shown in
Figs. 7-12 for Case 1 and in Figs. 13-18 for Case 2. The solid curves are obtained from
test data, and the dashed curves are obtained from identified model. Table 4 shows that the
system has several sets of closely spaced frequencies at about 5 Hz (modes number 4 and
5), 10 Hz (modes number 7 and 8), 12 Hz (modes number 10 and 11), 13 Hz (modes
number 12 and 13), 16 Hz (modes number 14 and 15), 25 Hz (modes number 17 and 18),
and 38 Hz (modes number 19 and 20). Note that Case 1 can not distinguish modes 7 and
8, modes 10 and 11, and modes 14 and 15. Also, the lowest frequency mode can not be
identified in Case 1. Furthermore, one can not show that the system has closely spaced
frequencies by examining the power_. spectral density plots in Figs. 4-18 alone. By
comparing the power spectral density plots from test and reconstructed data, one can easily
see that the model in Case 1 does not identified modes number 1, 7, 11, and 15. This is
because the data used is too short (about 1.2 second). We are limited by the size of the
Hankel matrix which can be handled by the computer. When the sampling rate is decreased
to 64 Hz, a longer data record can be used (about 2.4 second). In this case, the modes
number 1, 7, 11, and 15 can be identified. It should be recalled that the objective here is
not to perform the "best" modal identification of the HMB-2R structure, but rather to
compare various system identification methods, the ERA, MRTD, and MMRTD methods,

using real data.
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In this study using experimental data, the realization methods of the ERA, MRTD,
and MMRTD produce the same frequencies, damping factors, and mode shapes as
established in the theoretical sections and the simulation examples presented in this thesis.
The MRTD and MMRTD formulation are simply special versions of the ERA. There is no
additional information about the system that can be found by using the MRTD or MMRTD
methods, or using input-normal, output-normal, or internally balanced realization of the

ERA. Specifically, the following findings are made

1) The real-valued realization of the MMRTD method gives the same system matrix as the
output-normal realization the ERA to 11 decimal places.

2) The real-valued realization of the MMRTD method gives the same system matrix as the
input-normal realization of the ERA to 11 decimal places.

3) The input-normal, output-normal, and internally balanced forms produce the same
Markov parameters to 12 decimal places.

4) The frequencies, damping factors, and mode shapes computed from input-normal,
output-normal, and internally balanced realizations are the same to 11 decimal places.

5) In the input-normal realization, the ratio between the largest and the smallest values in
the input matrix B; is 2200 while the ratio between the largest and smallest values in the
~ output matrix C; is about 1000000. In the output-normal realization, the ratio between the
largest and the smallest values in the output matrix C, is less than 2000 while the ratio
between the largest and smallest values in the input matrix B, is about 100000. However,
in the internally balanced realization, the ratio between the largest and the smallest values in
input matrix B, is about 23000, and the ratio between the largest and the smallest values in
output matrix C, is about 80000. Even though the internally balanced realization appears
to be better conditioned, the numerical results are essentially equivalent. For this data set
there appears to be no advantage in selecting one realization from another for purpose of

modal parameters identification.
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In the results presented so far, 96 out of 99 singular values are kept resulting in a
state space model of order 96. If more singular values are truncated, then the identified
state space model will have smaller order. However, this will introduce larger error due to
the truncated singular values. Table 5 shows the identified frequencies and damping
factors for the case where only 36 singular values are kept. The data used in Case 6 has a
sampling rate of 128 Hz, and the data used in Case 7 has a sampling rate of 64 Hz. The
modes that are not identified in each case are marked with the symbol "_" in Table 5. In
Case 6, the lower frequency modes 1 and 2 can not be identified. Because of additional
error introduced by the truncated singular values, when compared with the results in Cases
1 and 2, several modes can not be identified. These are modes number 2 and 18 in Case 6
and modes number 2, 11, and 15 in Case 7. In this case, the real-valued realizations of the
MRTD and MMRTD methods also give the same system matrices as the output-normal and
input-normal realizations of the ERA to 12 decimal places, respectively. The input-normal,

output-normal, and internally balanced are equivalent to 11 decimal places.
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Table 5: Identified frequencies and damping factors using test data from the HMB-2R

structure by keeping 36 singular values

—
Case 6 Case 7
At = %28 (sec) At= }/64 (sec)
Mode Freq. (Hz) Damping Factor Freq. (Hz)  Damping Factor
No.
1 _ - 0.85 0.051
2 _ - - -
3 3.51 0.004 3.51 0.004
4 4.64 0.006 4.65 0.005
5 4.85 0.013 5.01 0.008
6 7.43 0.004 7.42 0.004
7 _ _ 9.79 0.006
8 10.18 0.003 10.19 0.002
9 1048 0.022 11.06 0.003
10 12.12 ~0.002 12.14 0.004
11 _ _ _ _
12 13.24 0.011 13.30 0.002
13 13.33 0.004 13.48 0.0002
14 16.04 0.002 16.04 0.002
15 - _ — -
16 22.26 0.002 22.28 0.002
17 25.35 0.003 25.31 0.001
18 _ - 25.78 0.003
19 38.21 0.001
20 38.62 _ 0.009 _ |
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Chapter 7

Summary and Conclusions

7.1 Summary

Chapter 2 presents a review of basic mathematical preliminaries in connection with
the system identification problem presented in this thesis. The state space model
description for linear-system is reviewed. Relationships between discrete and continuous-
time models are derived. The Markov parameters and various ways of determining the
Markov parameters are explained. The Hankel matrix often used in several minimal
realization techniques is simply a matrix of Markov parameters. The concept of
controllability and observability grammians, which are later used to relate various different

realizations, is explained.

Chapter 3 presents three system realizations of the Eigensystem Realization
Algorithm using finite Hankel matrices. The Eigensystem Realization Algorithm uses the
singular value decomposition of the Hankel matrix to determine a minimal realization.
There are several ways to factor the Hankel matrix into controllability and observability
matrices. Different choices of controllability and observability matrices results in different

but equivalent realizations. When the number of columns and rows of the Hankel matrix
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tend to infinity, for an asymptotically stable system, the three realizations of the
Eigensystem Realization Algorithm converge to the input-normal, output-normal, and

internally balanced forms.

Chapter 4 presents the original Ibrahim time domain method which did not use the
singular values decomposition to reduce the size of the eigenvalue problem. The Multiple-
Reference Time Domain and Modified Multiple-Reference Time Domain methods are also
presented. Both methods are traditionally formulated in the complex modal space and used
to determine the modal parameters of the system such as damping factors, frequencies,
mode shapes, and modal participation factor matrix. These methods also use the singular
value decomposition to compute the minimal order realizations. Equivalent real-valued
realizations of the Multiple-Reference Time Domain and the Modified Multiple-Reference

Time Domain methods are derived.

Chapter 5 presents the transformation matrices between different equivalent
realizations in previous chapters. We show that the real-valued realizations of the Multiple-
Reference Time Domain and the Modified Multiple-Reference Time Domain methods are
the same as the output-normal and input-normal realizations of the Eigensystem Realization
Algorithm, respectively. We also show that the realizations can be transformed from one to

the other by transformation matrices.

In Chapter 6, the theoretical comparisons are verified by examples using both
simulated and actual test data. From the same Hankel matrix, the three realizations, which
are input-normal, output-normal, and internally balanced, are equivalent because they
produce the same Markov parameters. The simulation examples use a system with the
closely spaced frequencies and mode shapes. The test example uses experimental data

obtained from a large flexible structure (HMB-2R).
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7.2 Conclusions
Based on this thesis, the following conclusions are made:

(1) Three realizations of the Eigensystem Realization Algorithm converge to the input-
normal, output-normal, and internally balanced forms in the limit as the size of the
Hankel matrix tends to infinity. Consequently, in the case of the finite Hankel matrix,
these realizations are mathematically equivalent in the sense that they produce the same
Markov parameters. As a result, they produce the same damping factors, frequencies,

and mode shapes.

(2) The real-valued realization of the Multiple-Reference Time Domain is mathematically the
same as the output-normal realization of the Eigensystem Realization Algorithm. In the
examples using simulated data and test data shown in this thesis, the real-valued
realization of the Multiple-Reference Time Domain is numerically the same as the

- output-normal realization of the Eigensystem Realization Algorithm up to 12 significant

digits.

(3) The real-valued realization of the Modified Multiple-Reference Time Domain method is |
mathematically the same as the input-normal realization of the Eigensystem Realization
Algorithm. In the examples using simulated data and test data shown in this thesis, the
real-valued realization of the Modified Multiple-Reference Time Domain method is
numerically the same as the input-normal realization of the Eigensystem Realization

Algorithm up to 12 significant digits.

(4) The singular value decomposition is an important step in obtaining a minimal order

realization. In fact, the Multiple-Reference Time Domain, Modified Multiple-
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Reference Time Domain, and Eigensystem Realization Algorithm realizations are
equivalent because all of them use the Hankel matrix and the singular value
decomposition in obtaining a state space realization. In fact, the singular value
decomposition was previously used in realization theory on which the Eigensystem

Realization Algorithm formulation is based.

(5) The state space model of the internally balanced realization is better conditioned

numerically and is the recommended approach .

101



- ~

—
N

Appendix A

General Response of Linear System by Modal
Analysis

This appendix is adapted from Ref. 25. The second order equation of motion for a

linear time-invariant dynamic system is

méj(t) + cag(t) + kq(r) = Fru(t) (A.1)

where m, cs, and k are the mass, damping, and stiffness matrices, respectively. The

vectors g(¢) and Fju(z) are the generalized coordinates and forces, respectively. First,

consider the undamped case,

mij(t)+ kq(t) = Fyu(t) (A.2)

Equation. (A.2) is a set of simultaneous linear second-order ordinary differential equations
with constant coefficients. The m and k matrices are symmetric, non-negative definite and
usually not diagonal matrices. For a given mass matrix m, and stiffness matrix k, there

exists a linear transformation

q(t)=Vn(r) (A.3)
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where V is a constant nonsingular square transformation matrix such that the equations of

motion in Eq. (A.2) become uncoupled in the new coordinates 7(¢). Since V is a constant

matrix, we also have

go)=va@) .  §6=Vvi) (A.4)

Substituting Egs. (A.3) and (A.4) into Eq. (A.2) yields

mVii(t)+ kVn(t) = Fru(t) (A.5)

Premultiplying both sides of Eq. (A.5) by VT, one obtains

Mi(t)+ Kn(t) = N(1) (A.6)

where

M=Vimv=M" ’ K=Vkv=KT

The matrices M and K are diagonal and symmetric. N(t)= V" Fu(t) is an N-dimensional
vector whose elements are the forces N; associated with the coordinates 7;. Equation
(A.6) presents a set of N independent equations of motion. The transformation matrix V
is found by solving an eigenvalue problem corresponding to the free vibration case of Eq.

(A.2). The eigenvalue problem in the matrix form is
kv = @*mv

where ®” and v are eigenvalues and eigenvectors, respectively. The eigenvalues @ are

determined from the following characteristic equation or frequency equation
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Ao?)=|k- @*m|=0

It has roots @7, @32, --- @x. The square roots of these eigenvalues are the system
natural frequencies @, (r=1, 2, --- N). Assuming that the eigenvalue problem is non-
defective, i. e., every eigenvalue has an independent eigenvector, corresponding to each

eigenvalue @, is an eigenvector v,,
kv, = o’mo, r=1, 2, - N

The vector v, is also called modal vector or natural mode. The shape of the natural mode

is unique, but the amplitude is not. The modal vector v, is usually normalized, such that

or
VmV=I » ViV=Q
where Q =diag(0f, ®3, -, ®%), and the matrix V is made up of the normalized

modal vectors v, r=1,2,---,N. After normalization, the vectors v, are called normal
modes and V is a constant non-singular square transformation matrix. Consider the linear

transformation

q(t)=Vn(r) (A.7)

Because V is a constant matrix, we also have §(t) = V7j(t). Therefore, Eq. (A.2) can be

expressed as

1(e) + Qn(s) = N(z) (A.8)
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where N(t) = VTF}u(t) is an N-dimensional vector of generalized forces associated with

the vector of generalized coordinates 77(z). Equation (A.8) can be rewritten with normal
modes as

fi.(8) + @’ 1. (1) = N:(1) r=1, 2, =, N (A.9)

where 7),(¢) are the system normal coordinates and N, (t) are generalized forces in the

normal coordinates. The solution of the Eq. (A.9) is

1
@,

n.(t)= J:N,(r)sinw,(t—r)dr+ n-(0)cos w,t | (A.10)

+ﬂsin w,t
(O
where 7,(0) and 7),.(0) are the initial generalized displacements and velocities,

respectively.

We now return to the damped dynamic system given in Eq. (A.8). Using the same

transformation matrix in Eq. (A.7), Eq. (A.8) becomes

fi(e) +[Caln(e) + Qn(r) = N(z) (A.11)

where

[C.]=V'C,V

isan N x N symmetric matrix, generally nondiagonal. In the special case in which ¢; is a

linear combination of the matrix m and k, i.e.,

ci = am+ Pk (A.12)
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where « and J are constants, the matrix [C,; ] becomes diagonal
Ci=al+ ﬂQ

Therefore, Eq. (A.11) becomes an uncoupled set of equations. The case given in Eq.

(A.12) is known as proportional damping. Let

C,;=diag(2§1w1, 252(02, very ZCNO)N)

then the independent set of equations can be rewritten as

1, 2, ---, N

fir (1) + 28, 00,m, (£) + @7 71, (£) = N: (1) r

which has a solution of the form

n(t) = wLJ: N.(7)e” 5 sin @, (¢ — T)dT +
dr

e -—(1 Té?; s cos(@sr — @)+ ’%‘?)Sh’ Dart
where
(- =t
wdr_(l_Cf) ), ¢r‘—tan1(1—C3)%

®; and @, are the damped frequency and a phase angle of the the r-th mode,

respectively.
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Appendix B

The Generalized Inverse

B.1. Definition of the (Moore-Penrose) Generalized Inverse

Let M be an mx n matrix. Then there exists an unique 7 x m matrix M" is called

the (Moore-Penrose) generalized inverse of M if and only if the following three statements -

are true26:

(i) MM*M=M;
(i) M*MM* =M"*;
(iii) MM* and M*M are hermitian.

B.2 The Singular Value Decomposition as a Method to

Calculate the Generalized Inverse
This appendix is adapted from Ref. 27. Let M be an arbitrary real matrix of

dimension mxn. Then there exist the orthonormal matrices P and Q of dimensions

mxm and n X n, respectively such that
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w_d® 9 o
7o ol..2

Zl=diagonal[0’1, Oz, *** O’r]

where

is a diagonal matrix of the positive singular values, 6;, i=1, 2, -, r. Furthermore,
pT = p! ’ o = o
The orthogonal column vectors of P,
P=[p, P s Pulsn
are called the left singular vectors of M. The orthogonal column vectors of O,
0=[q, @& = %)

are called the right singular vectors of M. If P is partitioned such that A, has r orthogonal

columns p,, p,, -, p,,and P, has (m—r) orthogonal columns p,,, ***, P, and
Q is partitioned such that @, has r orthogonal columns ¢, ¢,, --*, ¢,, and O, has
(n—r) orthogonal columns g,, ---, g,,i. €,

P=[E, Pz] , Q=[Q1a Qz]

T
wer e o

then

= PIZIQIT
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B.3. Least Squares Solution and the Generalized Inverse

Consider the problem of finding x from the equation
Mx=d

where M and d are given. The solution % that minimizes the norm-squared error

oz - dff
is called the least squares solution of equation Mx =d. The solution
x =QZX'R'd

will minimize the norm-squared error and also is the solution X of minimum norm itself;

that is, |x"| <||#] for all £#x". The solution x" is also called the generalized or

- pseudoinverse solution of the linear equation Mx = d, and the quantity M*,
M+ _ lel-l RT

is the generalized or pseudoinverse solution of the matrix M. If M is of full column rank,
i.e., its rank is equal to the number of columns, then
T Z, T T
M=PQ"=[R, B] I0"=R%Q
and

M+ - QZI—II)IT

Since B'P, =1 and Q7 = Q™, we obtain
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MM=1
Similarly, If M is of full row rank, i.e., its rank is equal to the number of rows, then

T

M=PIQ" =Pz, 0][@,] = PL,Qf

and

M+ = QIEI—IPT
Since Q7Q, =1 and P" = P, we have

MM*

]
~
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Appendix C

Real Realization from Complex Realization

In some time domain modal identification methods, the recovered models are
complex. If is sometimes of intereét to convert the complex model to an equivalent real
model. To develop the necessary transformation, consider first the simple case of a single-
input two-output system with two modes. The general case for a multiple-input multiple-

output system with several modes follows similarly.

C.1. Single Input Two Output System with Two Modes

For a single-input, two-output, two-mode system, the complex mode shapes ‘¥,,

and modal participation matrix L. take the form

lcl
¥ =[W11 Vi Vi V’x.zjl [ = £
Clva Ve Ve Vo ’ £,

£,
where W =rze’®. The integer j and k denote the j-th output and k-th mode of the

system, respectively. The subscript ¢ denotes complex matrix. The superscript * denotes

the complex conjugate and @ is the phase angle of the complex number .
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and the complex system matrix A. is

where

e =(~Gtf1-8 o

and @, is the natural frequency of the k-th mode. To convert the above complex

realization to a real realization, the following transformation matrix can be used
T, 0 PRI
T= b) T = ; : ’ —_
[0 7;] k l:—ie""’ ie—tm] k=1, 2

Straight forward algebra leads to the real representation ¥, , A,, L,

Y =97

- i 0 2 0 }
i cos(("zl - ¢11) - Sin((ozl - (011) ) cos(¢22 - (Pu) ) Sin((022 = ¢12)
and
A, =TA T
e coswuAt  —e™ sin Wy At 0 0
_|e™sinwaAr ™ coswaAr 0 0
0 0 e” cos WAt —e% sin @At
0 0 e"’A‘ sin W2t e”’A’ COSW At
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where A, is a real matrix, 6 =-{i@, and Oa =(\/1—§3 )wk. Define £ = L™,
k=12, where 6, is the phase angle of the complex number {,. Hence, the real

participation matrix L, is

24, cos(@u + 61)

24, si e

L:Tlcz llSln(¢u+ 1)
2[2 COS(%; + 02)
24, Sin(%z + 62)

The Markov parameters can be expressed in terms of the real state space répresentation

(A,, L, ¥ )as

Y(k)=Y¥.(A)'L (C.1)

If the mode shapes are normal modes, then ¢,, = ¢,, and @,, = @,,. The mode shape

matrix in Eq. (C.1) becomes

‘P,=[r” 0 n 0]

m 0 m O

C.2. Single-Input Multiple-Output (SIMO) System with
Multiple Modes

For the single-input multiple-output system with several modes, the conversion

from the complex realization to a real realization can be derived similarly. The complex

system matrix A., mode shapes matrix ‘¥,, and modal participation matrix L, are
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and

R
Vi1, Wx.l, V12, llfl.z, L
v = Vo, W, Wun, Wn, - L =|{,
‘ Vs, ll/;x, ¥, ll/gz, £
Define the transformation matrix 7
I 0 O
7= 07 O o i
“lo o T, where T, = € ) € .
. —ie'™  je '

where y; =rye’® with j-th output and k-th mode, T; is a 22 transformation matrix
with k-th mode, £ is the complex modal participation with k-th mode. Similarly,
straight forward algebra leads to the real system matrix, real mode shapes matrix, and real

modal participation matrix,
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A, =TA T

e cos g At —e® sin w1 At
e sin At e® cos wa1AL

e cos WAt —e®N sin w42 AL

- [e””” sinwa2At €% cos wazAt ] (C.2)

¥, =T

m 0 yv) 0
- n COS(‘P21 - ‘Pu) —-n sin((p21 - ‘Pu) 157) COS(‘Pzz - ‘Plz) —In Sin(‘l’zz - ‘Plz) (C.3)
3 °°s(¢31 - ‘Pu) -y Sin(‘l’sl - ‘Pu) £7) COS(‘Psz - (012) —TIy Si“(‘l’sz - ‘Plz) )

and i i
2¢, COS((P” + 61)

24, sin(@y, + 61)
24, cos(@y, + 62)
L, =TL. =| 2¢,sin(@;; + 6,) (C.4)
2£;5c08(@s + 65)
24;sin(@ys + 63)
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C.3. Multiple-Input Multiple-Output (MIMO) System with
Multiple Modes

For a system with many inputs, the modal participation matrix is of the form

LRTR AY
£y Ly
L=, L
£ Ly

The same procedure can be applied for each column of L. corresponding to each input.
The results are then combined to obtain a real modal participation matrix for the multiple-
input system. Note that the system matrix and the mode shape matrix are not affected by

this procedure.
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