
Abstract 

BUSNARDO, DAVID MARC. LIDAR-Aided Inertial Navigation over Rough Terrain. 
(Under the direction of Dr. Robert H. Tolson.) 
 
 In support of NASA’s Autonomous Landing and Hazard Avoidance Technology 

project, an existing extended Kalman Filter (EKF) routine has been tested and retuned to 

estimate the position, velocity, and orientation of a spacecraft on trajectories over rough 

terrain. The original filter, which performed well over flat surfaces, has been modified to 

provide more accurate state estimates over such terrains. The filter combines 

measurements of range and Doppler velocity from an on-board Light Detection and 

Ranging (LIDAR) system with measurements of acceleration and angular velocity from 

an inertial measurement unit. The high-precision LIDAR measurements will allow both 

manned and unmanned spacecraft to land accurately and safely near sites that may be 

scientifically interesting but potentially hazardous. The filter was tested for robustness 

and accuracy using a simplified simulation of Apollo lunar landings during the final 

translation and touchdown. 
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Nomenclature and Abbreviations 
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All vectors are 3x1 and all matrices are 3x3 unless otherwise noted. 
 
A   rotation from navigation frame to vehicle body frame 
a   net body acceleration vector 

ma   measured net body acceleration vector 

ab   accelerometer drift-rate bias vector 

gb   gyroscope drift-rate bias vector 
F   continuous-time state transition matrix (15x15) 
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K   Kalman gain matrix (15x6) 
N   discrete-time state noise covariance matrix (15x15) 
p   position vector 
P   state error covariance matrix (16x16) 

−
kP   predicted covariance at time  (16x16) kt
+

kP   updated covariance after measurement at time  (16x16) kt
Q   continuous-time state noise covariance matrix (12x12) 
q   attitude quaternion 
R   measurement noise covariance matrix (6x6) 
s   range coordinate 
u   measurement noise (6x1) 
v   velocity vector 
w   state noise (12x1) 
x   state vector (16x1) 
x̂   state estimate (16x1) 
−
kx̂   predicted state estimate at time  (16x1) kt
+
kx̂   updated state estimate after measurement at time  (16x1) kt

z   measurement vector (6x1) 
x∆   state error vector (16x1) 

Φ   discrete-time state transition matrix (15x15) 
ω   body angular velocity vector 

eω   Earth angular velocity vector 

mω   measured body angular velocity vector 

tλ   sinusoidal terrain wavelength 
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g   gyroscope 
k   value at the -th time step k
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Abbreviations 
 
NASA  National Aeronautics and Space Administration 
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1 Introduction 
 
 The results presented in this document were conducted in support of NASA’s 

Autonomous Landing and Hazard Avoidance Technologies Technology (ALHAT) 

project. The objectives of ALHAT are to create descent and landing systems for manned 

or unmanned missions which can land within tens of meters of pre-deployed assets or 

surface features of interest, as well as the ability to land in sites which may contain 

hazards such as slopes, rocks, and craters (Amzajerdian, Johnson). In support of this goal, 

NASA Langley Research Center (LaRC) has developed a three-beam light detection and 

ranging (LIDAR) system to be used in aided inertial navigation. Each beam is directed at 

a polar angle of 22.5° from the negative z-axis, and the beams are separated from one 

another by a clock angle of 120° (Pierrottet). Each beam measures distance to the ground 

(range) and line of sight velocity. Figure 1 shows the geometry of the LIDAR system.  

 

Figure 1. LIDAR beam geometry (Aitken). 
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 An extended Kalman filter (EKF) was developed by Matthew Aitken to be used 

with this LIDAR system. This filter uses LIDAR range and Doppler measurements, as 

well as measurements from an inertial measurement unit (IMU) to update the state of a 

spacecraft. The estimated states include the inertial position and velocity, orientation, and 

biases that may be present in the accelerometers and gyros.  

 The development below follows Aitken, drawing from Lefferts, Trawny, and 

Vallado. In general, the extended Kalman filter is described with the following equations. 

The system is governed by the state equation 

)()),(()),(()( twttxgttxftx
dt
d

+=  

in which x(t) is the state vector and w(t) is a Gaussian white noise vector. The state error 

vector satisfies the equation 

)()()()()( twtGtxtFtx
dt
d

+∆=∆  

which can be integrated to find 

')()(),()(),()( 000 dttwtGtttxtttx t ′′′Φ∫+∆Φ=∆  

The predicted covariance matrix satisfies the matrix Riccati equation 

)()()()()()()()( tGtQtGtFtPtPtFtP
dt
d TT ++=  

which can be integrated to find 

),(),()(),()( 0000 ttNtttPtttP T +ΦΦ=  

The state estimate and covariance from time tk are mapped into the next measurement 

time, tk+1 using 

),ˆ,(ˆ 11 kkkk txtx +
+

−
+ = ϕ  
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The measurement vector zk at time tk is related to the state by 

kkk uxhz += )(  

With the Kalman gain matrix defined by 
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T
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The estimate and covariance are updated at time tk using the measurement zk according to 
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This process is repeated for each iteration using the new measurement at the next time 

step. 

 In this filter, the state vector includes the position, velocity, attitude quaternion, 

and bias vectors 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

g

a

b
q
b
v
p

tx )(  

The predicted version of the state equation is defined by 

[ ] [ ]

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

Ω

×−×−+
=

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

0
ˆ)ˆ(2

1
0

ˆˆ2ˆˆ
ˆ

ˆ
ˆ

ˆ
ˆ
ˆ

)(ˆ

2

q

pvgaA
v

b
q
b
v
p

dt
dtx

dt
d ee

T

g

a

ω

ωω
 

where , , and am baa ˆˆ −= egm Ab ωωω ˆˆˆ −−= Â  is the direction cosine matrix which 

corresponds to the predicted attitude quaternion. 
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 The continuous-time state transition matrix F and the input noise sensitivity 

matrix G are given by 
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The discrete-time state transition matrix at tk is given by 
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and the discrete-time noise covariance matrix Nk is given by 
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The estimate of the state vector and covariance is updated at each time step tk with the 

measurement zk using the equations detailed previously. 

 Numerous studies were conducted using this filter and its original tuning to test 

the response of the filter over rough terrains. With the original tuning, the state of the 

spacecraft was well estimated over a flat surface, but suffered when terrain features were 

introduced. The studies performed included several studies of the filter performance over 

flat terrain, including variations in the LIDAR geometry, beam misalignments, and loss 

of either range or Doppler measurements. The filter was also tested over simulated 

terrains with hemispherical bumps, sinusoidal hills, and mesa-like steps. The result of 

these studies was a retuned filter which is able to more accurately estimate the state of the 

spacecraft over various rough terrains. 
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2 Flat Surface Studies 
 
 Several studies were conducted using the original filter to explore how changes in 

the LIDAR beam geometry or limited data would influence the estimate of the state for 

trajectories over a flat surface. These studies included varying the polar angle of the 

LIDAR beams from the current 22.5°, including small misalignments in the beam 

directions, and limiting the gathered LIDAR data to only range or Doppler 

measurements. In this simulation, based on the final touchdown phase in lunar landing as 

described in Bennett et al., the surface is assumed to be flat, at an altitude of 0m. The 

navigation z-axis is normal to the surface and directed upward. The x-axis is an arbitrary 

direction in the surface of the plane, and the y-axis completes the right-hand coordinate 

system. The navigation coordinate system is taken to be inertial; the rotation of the planet 

was ignored. The IMU axes are assumed identical to that of the vehicle body system. 

 Planetary gravitational acceleration is a constant g = 1.625 m/s2, and acts opposite 

the navigation z-axis. The simulation initial conditions were taken as follows: altitude = 

337 m, velocity = 20.2 m/s, flight path angle 0°, yaw = 45°, pitch = -14°, and roll = 0°. 

The vehicle experiences a constant thrust of 0.98g along the body z-axis, and a constant 

pitch rate of 0.002443 rad/s. These conditions were selected so that the spacecraft would 

land upright on the surface with no x- or y-velocity, and minimal z-velocity. In this 

simulation, the initial estimate of the state was chosen to vary from the true state. The 

initial position error is +100 m in all directions, while the initial velocity error was 

selected to be +5 m/s in all directions. The yaw, pitch, and roll vary from the true state by 

-3, +5, and +5 degrees respectively. The accelerometer and gyro biases were initially 

estimated at zero. Figure 2 shows the true state of the spacecraft throughout the 
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trajectory, and Figure 3 shows an overhead view. The LIDAR ground tracks are also 

shown. The circles along the ground tracks are placed every ten seconds, as a visual 

representation of the velocity. 

 

Figure 2. Spacecraft true state for flat surface simulations. 
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Figure 3. LIDAR ground tracks for simulated trajectory.  

 First, the polar angle of the LIDAR beams was varied between 10° and 50° to 

determine if the current 22.5° was near optimal in estimating the spacecraft state, or if it 

should be changed. For each polar angle, LIDAR measurements were generated using the 

above simulation and the state of the spacecraft was estimated. Figure 4, below, shows 

the errors in the estimated state for polar angles of 10°, 30°, and 50°. 
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Figure 4. Errors in estimated state for varying LIDAR polar angles. 

 For small polar angles such as 10-15°, the filter estimates altitude and vertical 

velocity well, at the expense of the x and y directions. Accelerometer and gyro biases are 

also generally better estimated. With larger polar angles of 40-50°, the filter is slightly 
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slower in refining estimates of altitude and vertical velocity, but estimates in other 

directions are significantly improved. However, the accelerometer and gyro biases are not 

as well estimated. For orientation estimates, larger polar angles result in a better yaw 

estimate, but differences are not significant in pitch and roll. With small beam 

divergence, errors in orientation have less influence, giving better estimates in altitude. 

With large divergence, more information is gathered in the x and y directions, improving 

estimates in those directions. Based on these results, the current beam geometry with a 

polar angle of 22.5° is a good compromise that avoids the problems introduced by polar 

angles that are too small or too large.  

 Next, the effect of possible misalignments on the estimate of the state vector was 

studied. To accomplish this, several possible misalignments were incorporated. Each of 

the three LIDAR beams can have misalignments in one or both of two directions. These 

misalignments are in the polar angle of 22.5° from vertical, and in their clock angle 

separation of 120° from one another. Additionally, misalignments were also incorporated 

into the entire beam head assembly. The assembly can have three directional 

misalignments, effectively a yaw, pitch, and roll, with respect to the spacecraft body 

frame. For this study, errors of ± 2° in any direction were considered the maximum 

expected alignment error. The study was therefore conducted using the maximum 

possible misalignment magnitudes in each direction at once. That is, all LIDAR pointing 

direction errors and head assembly pointer errors were ± 2° at the same time. The results 

of the study are shown in Figure 5. 
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Figure 5. Errors in estimated states for beam and head assembly misalignments. 

 Even with the maximum possible misalignment errors occurring at the same time, 

the overall effect of the misalignments is minimal. Estimates of the velocity and 
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accelerometer and gyro biases are slightly slower to return to the true state, but the 

magnitude of the error is nearly the same as without misalignments. The effect of the 

misalignments in the other estimated states is negligible. While other studies with 

misalignments up to 10° showed significant errors in the estimated states, misalignments 

of that magnitude are unlikely in this system. Misalignments on the order of 2° as in this 

study would not be likely to cause significant error in the estimated spacecraft state 

during application. 

 Finally, the influence of limited data types was studied. Simulations were run in 

which only range or only Doppler measurements were used. This was conducted to 

simulate errors in the data collection which may occur during operations. To accomplish 

this, the uncertainty of the measurements was drastically increased (15 orders of 

magnitude), such that the measurements have no effect on the estimate of state. The same 

trajectory was used, with the standard polar angle of 22.5°. Figure 6 details the state 

estimate errors for these simulations.  
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Figure 6. Errors in estimated states for limited data types.  

 The results of the study indicate that, as expected, having measurements of both 

range and Doppler provides the best estimate of the state as opposed to having only one 

type. For the range only case, the altitude and vertical velocity are well determined, as is 
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orientation. However, all other estimated states suffer significantly. For the Doppler only 

case, velocities are better estimated than with range. This is expected, as the Doppler 

measures line of sight velocity, which feeds into the estimate of the spacecraft velocity. 

However, altitude, orientation, and biases cannot be well estimated with Doppler only. 

This shows that range measurements provide better estimates of geometrically-

determined quantities such as altitude and orientation, while Doppler measurements 

provide better estimates of velocity. The inclusion of both data types provides the 

advantages of both, leading to the best possible estimate of the spacecraft state. 

 

3 Bumpy Terrains 
 
 The filter was then tested by running simulated trajectories over a flat surface 

with randomly scattered obstacles, simulating rocks on the surface of a planet. To this 

end, it was necessary to create a system to generate sample terrains for testing. A terrain 

shaped as a flat surface with various hemispherical bumps was selected as the standard. 

With a user-defined rectangular area to represent the surface, as well as a total number 

and an average radius of the bumps, the surface is created by scattering the hemispheres 

randomly across the surface. A topography array is generated to define the flat surface. 

For each bump to be placed, a smaller array is defined based on the radius of the bump. 

This is then placed into the larger topography array at the x and y values corresponding to 

the center of the bump. In this way, a single large altitude map is generated through the 

overlay of a number of smaller maps. 

Next, these terrains are used to generate the LIDAR measurements that would 

occur for a spacecraft flying over them. This was accomplished by deriving an exact 
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formula to represent the intersection of the LIDAR beam with the hemispherical bumps. 

Note that only the LIDAR range measurements are affected by terrain; the Doppler 

measurements are not influenced by topography. The surface of each bump can of course 

be represented as , where x2222 )()()( Rzyyxx bb =+−+− b, and yb represent the x and y 

coordinates of the bump center, and R is the radius. Additionally, the xyz location of the 

end of the beam can be represented as a function of the range coordinate, s, as  

sxsx α+= 0)( , sysy β+= 0)( , szsz γ+= 0)(  

where (x0, y0, z0) is the origin of the beam on the spacecraft, andα , β , and γ  are the x, y, 

and z direction cosines of the beam, respectively.  Thus, the range measurement value s at 

which a LIDAR beam impacts the surface of a bump can be calculated by solving the 

following equation: 

0)()()( 22
0

2
0

2
0 =−−++−++−+ Rzszysyxsx bbb γβα  

 To calculate the range measurement, the position and orientation of the 

spacecraft, as well as the location and size of the bump are needed. At each sample point 

in the simulation, the range measurement of each beam to each of the bumps is 

calculated. The above equation does not take into account that the object in question is a 

hemisphere on a flat surface; only a sphere is defined. Thus, additional logic is required 

for the number of different outcomes of this calculation.  

The first and most common outcome is that the beam and the surface of the bump 

do not intersect, and there is no real solution for s. In this case, the flat surface range 

measurement is generated. Second, the beam may just touch tangent to the surface, giving 

only a single range measurement. Third, the beam may travel through the interior of the 

sphere, passing through the surface twice. In this case, the smaller value of the range 
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coordinate s, corresponding to the first intersection with the sphere, is the desired range 

measurement. However, for cases 2 and 3 above, it is possible that the beam may 

intersect the surface of the sphere on the bottom half, below the flat surface, which is not 

a valid solution for the actual terrain. In this case, the flat surface range measurement is 

then generated. 

These range measurements from the simulated bumpy terrain are used as 

psuedomeasurements in the filter to estimate the state of the spacecraft. The coordinate 

system and trajectory are identical to that used in the flat surface studies detailed in 

Section 2. For this simulation, the initial estimate of the state was chosen to be the state 

used to generate the simulated data. Figure 7, below, shows an overhead view of the 

trajectory and terrain. The hemispherical bumps scattered across the surface are visible. 

The variation in size can be seen from the diameter and color of each bump (red 

indicating a larger bump). 
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Figure 7. Simulated trajectory over bumpy terrain. 

 Initial simulations over the terrains with the original filter parameters quickly 

showed that retuning of the filter was necessary. Figures 8 through 12 show the results of 

a simulated landing trajectory over a bumpy terrain, using the original filter parameters. 

In this simulation, the flat surface is populated with bumps of an average height of 3.5m. 

For each plot, the top row shows the true and estimated state, as well as the uncertainty in 

the state presented as bounds. The bottom row shows in closer detail the error between 

the true and estimated state. Figure 8 shows that, for the original filter tuning, large errors 

in x and y location (on the order of 100 meters) are introduced due to the terrain. These 

states cannot be estimated for a flat surface, so any errors that are introduced cannot be 

corrected. The altitude, however, is well estimated by the filter. The influence of the 

terrain on the estimate is clearly visible, and altitude errors are on the order of 0.5 m.  
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The reason for the large deviation in x and y position becomes clear in Figure 9. 

The x and y velocities have errors on the order of 5 m/s due to the influence of the terrain. 

These errors are primarily due to the errors in estimated orientation, which cause the 

Doppler measurements to feed into the velocity estimate differently. The estimated 

velocities do return to the true state, but very slowly. The errors in estimated velocity 

feed into the position estimate, so the larger the error in velocity, the faster the error in 

position will grow. Again, the z component is the most easily estimated quantity; errors 

are on the order of 0.1 m/s, and the influence of the terrain is clearly visible.  

Figures 10 and 11 show the IMU bias estimates. Here, the subscripts x, y, and z 

denote the roll, pitch, and yaw axes of the body, respectively. Figure 10 shows that all 

three accelerometer bias estimates are affected, but measurements help to correct the 

errors. The roll and yaw directions are affected by similar amounts, and both return to the 

true state. The bias estimate in the pitch direction does not settle back to the true state. 

However, the error is an order of magnitude smaller than those in the roll and yaw 

directions. In Figure 11, the influence of the terrain on the gyro bias estimates is clear. 

Each time a beam tracks over a bump, the estimate of the bias jumps. This is because the 

shortened range measurement can be corrected by, among other things, an orientation 

change to adjust the lengths of each beam. However, orientation changes due to the 

terrain are not desirable, as they are not actually occurring in the trajectory. The 

instantaneous changes in the orientation estimate that could result are of course 

impossible, as a rigid body cannot change orientation instantaneously. Instead, more of 

the error is shifted into the gyro bias estimates. Each of the estimates begins to correct 

after a beam tracks over a bump, but the estimate becomes worse each time a LIDAR 
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beam tracks over a bump. Note that errors in the pitch and roll directions are significantly 

higher than in the yaw direction. This can be interpreted more easily when Figure 11 is 

examined with Figure 12, showing the estimated orientation. Errors in pitch and roll are 

small, due to most of the error being absorbed in the gyro bias. However, the yaw, which 

cannot be estimated for a flat surface, has a very large error, because yaw changes do not 

affect the range measurements very much for a flat surface. That is, for a vehicle that is 

not pitched or rolled above the flat surface, the range measurements are the same for any 

angle of yaw. 

 

Figure 8. Position estimate and error versus time with original filter parameters. 
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Figure 9. Velocity estimate and error versus time with original filter parameters. 

 

 

Figure 10. Accelerometer bias estimate and error versus time with original filter 

parameters. 
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Figure 11. Gyro bias estimate and error versus time with original filter parameters. 

 

 

Figure 12. Orientation estimate and error versus time with original filter parameters. 
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To reduce the influence of the terrain on the estimated states of the spacecraft, 

numerous methods of tuning the filter were examined. These included intervention 

analysis, in which range measurements that deviated greatly from the previous 

measurement would not be fed into the filter at all. Ultimately, the method chosen to tune 

the filter was changing the uncertainty of the range measurements and the initial estimate 

of state covariance. What was selected was increasing the LIDAR range measurement 

uncertainty to levels near the height of the terrain, so that the bumps will have less 

influence on the estimated states. By tightening the initial orientation covariance, the 

filter will further resist changes in orientation due to the terrain. This will keep 

orientation changes from causing larger errors in the velocity estimate. The changes in 

the filter parameters are detailed in Table 1, below. Note that these new parameters are 

used in the filter for the rest of the results presented in this document. Figures 13 through 

17 show the effect of this filter tuning in reducing the influence of the terrain, for the 

same trajectory and terrain as the above results in Figures 8 through 12.  

Errors in the x and y position are reduced by two orders of magnitude, from 100m 

to 1m. Error in the altitude estimate is also reduced by approximately 50%. Velocity 

estimates are also reduced by several orders of magnitude, as are those for both the 

accelerometer and gyro IMU biases. The more accurate the velocity estimates are, of 

course, the main driver in producing the more accurate position estimates. In orientation, 

the pitch and roll errors are also further reduced from their already small values. The yaw 

estimate is far less affected by the terrain than with the original filter parameters. By 

retuning the filter in this manner, the influence of the terrain on the estimated states 

through the range measurements is greatly reduced. 
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Table 1. Adjusted Filter Parameters 

 Initial state covariance  Range measurement uncertainty

 Original Retuned Beam Original Retuned 

Position – x 100 m 100 m 1 0.1 m 2 m 

y 100 m 100 m 2 0.1 m 2 m 

z 100 m 100 m 3 0.1 m 2 m 

Velocity – u 5 m/s 5 m/s    

v 5 m/s 5 m/s    

w 5 m/s 5 m/s    

Accel. Bias 0.01 m/s2 0.01 m/s2    

 0.01 m/s2 0.01 m/s2    

 0.01 m/s2 0.01 m/s2    

Orientation - Yaw 5° 1°    

Pitch 5° 1°    

Roll 5° 1°    

Gyro bias 5x10-6 rad/s 5x10-6 rad/s    

 5x10-6 rad/s 5x10-6 rad/s    

 5x10-6 rad/s 5x10-6 rad/s    
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Figure 13. Position estimate and error versus time with new filter parameters. 

 

 

Figure 14. Velocity estimate and error versus time with new filter parameters. 
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Figure 15. Accelerometer bias estimate and error versus time with new filter parameters. 

 

 

Figure 16. Gyro bias estimate and error versus time with new filter parameters. 
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Figure 17. Orientation estimate and error versus time with new filter parameters. 

 

 As a separate approach towards filter retuning, an effort was made to separate the 

LIDAR measurements of range and Doppler to compare with one another and determine 

terrain so that bumps will not influence the estimate. Because the Doppler measurements 

are unaffected by the terrain, if the range measurements could be determined from 

Doppler, any differences in the calculated and measured range would have to be due to 

the terrain. To this end, a method was developed to calculate range measurements at the 

current time step based on the previous estimated state, and the accelerometer and 

Doppler measurements. Because the Doppler measurements are line-of-sight velocity 

measurements, the velocity vector of the spacecraft can be determined from simple 

geometry. With this velocity and the previous estimated position, the current position of 

the spacecraft can be determined using a approximation, where the 2
112 tgtvxx ∆+∆+=
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subscripts 1 and 2 represent the state at times before and after t∆ , respectively. In 

addition, the orientation can be estimated using a typrypr m∆+= ω12 approximation. With 

this new position and orientation, the range measurements that would be expected 

assuming a flat surface are generated. These calculated measurements are then compared 

to the actual range measurements. Differences between the two sets of measurements are 

then due to terrain. Figure 18 shows the difference between the range measurements seen 

over the flat surface and the bumpy surface, both the actual and those calculated from the 

Doppler measurements. 

 

 

Figure 18. Range measurement differences between true surface and assumed flat 

surface, actual (top) and Doppler-derived estimation (bottom). 

 While imprecise due to approximations made in the derivation, this method show 

some promise towards determining when a LIDAR beam impacts a bump using the 

Doppler measurements, which do not change due to the terrain. The difference between 
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measurements should be zero at all times except when tracking over a bump. However, 

because the estimated state from the filter is used to calculate the predicted range 

measurements, the errors in the estimate drive the difference from zero. Despite the 

limitation, this method does allow for the determination of the terrain, without using the 

range measurements. A possible application of this method is to inflate the uncertainty in 

the range measurements only when a beam is tracking over a bump, and lowering it when 

tracking over a flat surface. This should allow a greater accuracy in the estimated states. 

This method has not been pursued beyond this point, but is a possible subject of interest 

for further research. 

 
4 Washboard Terrains 
 
 The filter was tested by running simulated trajectories over a washboard surface, 

to simulate hilly terrain. This was accomplished by generating pseudo-observations over 

a sinusoidal surface, defined by )/)(2sin( 0 tt xxhz λπ −= , where ht is the height of the 

terrain, tλ  is the wavelength of the terrain in meters, x is the spacecraft current position 

in x, and x0 is the spacecraft original position in x. Thus, the shape of the terrain is 

defined based only on x, and is constant for all y at any x. Figure 19 shows an example of 

such a terrain. By simulating long duration steady level flight over this terrain, the steady-

state response of the filter to the terrain was analyzed. 

 27



 

Figure 19. Sample washboard terrain, 5m amplitude by 100m wavelength. 

 

 First, the effect of terrain height on the estimated position was studied. Due to the 

constant horizontal velocity of the spacecraft, the LIDAR range and Doppler signals have 

an induced frequency of 
t

scu
λ

. The altitude gain, defined as the ratio of the steady-state 

oscillation in the altitude estimate to the terrain height, was determined. The gain was 

then calculated over a range of apparent frequencies and a range of terrain heights. In 

addition, the altitude gain was calculated in each case using both range and Doppler 

measurements, and only range measurements. The results of this study are shown in 

Figure 20, for three different levels of terrain height, and the default levels of 
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accelerometer and gyro state noise. Six tested velocities give six apparent frequency data 

points.  

 

Figure 20. Effect of terrain height on altitude gain, 100m wavelength terrains, 300m 

altitude. 

 

 Figure 20 shows that for a given altitude, there is a clear linear relation between 

the amplitude of the terrain and the amplitude of the steady-state oscillation in the altitude 

estimate. As the apparent frequency increases, the altitude gain decreases one decade per 

decade, so the gain is proportional to one over the apparent frequency. For very low 

apparent frequencies, the gain can exceed 1. That is, the oscillation in the altitude 

estimate exceeds the height of the terrain. The gain should approach 1 as the apparent 

frequency approaches zero. When the gain is 1, the spacecraft is exactly following the 
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terrain. However, due to the influence of the filter on all the estimated states, the gain 

slightly exceeds 1. The gain is effectively the same for any terrain amplitude between 1 

and 10 meters. While an increase in the amplitude of the terrain will produce a greater 

oscillation in the altitude estimate, the ratio of the quantities remains constant. The linear 

relation also holds for the simulations in which only range measurements are used. The 

range-only cases result in larger gains, as the Doppler measurements are not available to 

help correct the velocity estimates, which would constrain altitude deviations. These 

results may be accurate only within this linear region. 

 The response of course depends on the state noise levels, so it is of interest to vary 

them and study the effects. By testing the same trajectory with varying accelerometer and 

gyro state noise levels, the effect of the state noise on the gain was determined. The state 

noise levels on the accelerometers and gyros were increased and decreased from the 

standard case by a factor of 10. Figure 21 shows a similar altitude gain plot detailing 

results obtained. 
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Figure 21. Effect of state noise on altitude gain, 1m by 100m terrain, 300m altitude. 

 

 The general trend of the gain decreasing with increasing apparent frequency is 

still clear. By increasing or decreasing the state noise levels of the accelerometers, gyros, 

or both by an order of magnitude, their effect on the altitude gain became evident. When 

only the accelerometer sigma is increased by a factor of 10, the slope is smaller because 

with less confidence in the IMU data, the LIDAR is relied upon more heavily. This works 

well at low frequencies where the range measurements change slowly, but not as well at 

high frequencies. Increasing all sigmas by a factor of 10 produces a similar change, but 

increasing only the sigma on the gyros causes little change in the gain. Thus, the gyro 

state noise has little effect on the altitude gain. Decreasing all sigmas reduces all gains, 

because there is more confidence in the IMU data, and the filter does not allow the 
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LIDAR range measurements to affect the altitude estimate as much. This is again mainly 

due to the accelerometer sigma, as the decreased accelerometer sigma is nearly the same. 

Again the gyro sigma change has little effect on the gain. It appears that the filter is much 

more sensitive to changes in the accelerometer state noise than to changes in the gyro 

state noise. It may seem preferable to continue decreasing the state noise further to 

decrease the altitude gain. However, as the altitude estimate is improved, other estimated 

states are worsened. A method of tuning the state noise based on some knowledge of the 

velocity and apparent frequency to minimize the altitude gain is a topic of further interest. 

Next, the effect of the spacecraft altitude on the altitude gain was studied. Over 

the same range of apparent frequencies, the altitude of the spacecraft was varied between 

200 and 400 meters. The results of simulations are shown in Figure 22, below. 

 

Figure 22. Effect of spacecraft altitude on altitude gain, 5m x 100m terrain. 
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 The same pattern of decreasing gain with increasing frequency is again evident, as 

is the shift in the curves due to the inclusion or exclusion of Doppler measurements. 

Because the Doppler measurements affect the position estimate through velocity, the 

“range only” gains will always be larger than the corresponding case including Doppler 

measurements. There is also a clear effect of the spacecraft altitude on the gain. Changes 

in the altitude result in effective upward or downward shifts of the gain curve. Note that 

increasing the spacecraft altitude from 200 to 300 m increases the gain, while increasing 

from 300 to 400 m decreases it. This seemingly contradictory result is due to the 

geometry of the LIDAR beams and terrain. A main factor in this phenomenon is the 

phase difference between the forward (1) and rear (2 & 3) LIDAR beams, which became 

an area of interest for further research. 

 The spacecraft altitude and footprint in the x-direction can be described through 

the following relation: ))cos(1)(sin()(int µ−= aaltitudefootpr . For a given trajectory, the 

footprint was varied between and 45 and 720 degrees. For a 360 degree width footprint, 

the footprint is the same length as the terrain wavelength, and scales linearly. To 

accomplish this, the altitude was varied according to the above relation. Figure 23, below, 

shows the resulting altitude gain. 
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Figure 23. Effect of LIDAR phase difference on altitude gain, 1m x 100m terrain, 10 m/s. 

 

 The altitude gain, rather than steadily increasing or decreasing with increasing 

altitude, fluctuates according to the phase difference between the forward and rear 

LIDAR beams. The gain follows a similar pattern whether the Doppler measurements are 

included with the range measurements or not. Again, in the range only case, the altitude 

gain is larger. That is, the estimated altitude changes a greater amount, due to the 

decrease in available information caused by the lack of Doppler measurements. Note that 

the minimum gain occurs at 180 degrees, while the maximum occurs at 360 degrees. The 

reason for the shift that causes the minimum and maximum not to occur at 540 and 720 

degrees is lag caused by the geometry of the beams and the increased altitude. Of further 
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interest were the responses of the accelerometer, gyro, and pitch in these cases, which are 

shown in Figures 24 through 26. 

 

Figure 24. Steady-state z-accelerometer bias error, 1m x 100m terrain, 10 m/s. 
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Figure 25. Steady-state y-gyro bias error, 1m x 100m terrain, 10 m/s. 

 

Figure 26. Steady-state pitch error, 1m x 100m terrain, 10 m/s. 
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 In all three estimated states, the case using both range and Doppler measurements 

exhibits a clear pattern of oscillation with changing phase difference, and a consistent 

amplitude. The accelerometer bias oscillation is similar to the altitude gain oscillation. 

The minimum and maximum amplitudes occur at 180 and 360 degrees, and the range 

only case has greater amplitude due to the decrease in the available information. 

However, the gyro and pitch estimates display a much different behavior. Rather than the 

range only case having a similar shape to the range and Doppler case, it instead follows a 

decaying curve, and is not in phase with the range and Doppler case. The reason for the 

decreasing amplitude is that for a given change in the range measurement, the pitch 

change necessary to correct for the change decreases with increasing altitude. 

 For the range only case, the pitch and gyro have a “worst case” when the LIDAR 

beams are separated by 180 degrees and its multiples, while the “best case” occurs at 360 

degrees and its multiples. At 180 degrees, the range measurement in the forward beam is 

increasing, while the measurements in the rear two are decreasing. Without the Doppler 

measurements to aid in correcting the estimated states, this becomes the worst case. 

Because the slope of the surface is greatest at this phase difference, the estimates are 

changed the most. At 360 degrees, the forward and rear beams are increasing or 

decreasing at the same time, resulting in the best case scenario, because the measurement 

changes can be accomplished through position changes, without significant pitch or gyro 

bias change. 
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5 Step Terrains 
 
 The filter was also tested over a step terrain, simulating a sudden change in the 

average terrain height. The surface remains flat, with no bumps or other features, but the 

altitude is increased by a step function. This could simulate a mesa type terrain or a cliff 

face. The range measurements for this case are generated in the same way as for a flat 

surface, whether the LIDAR beam is impacting the lower surface in front of the step or 

the top of the step. The only difference comes when the beam impacts the vertical wall of 

the step. Range measurements are generated for the flat surface and for the top of the 

step. At each sample point, based on the ground track of each beam and the location of 

the step, the proper measurement is selected. If neither of the solutions is valid, the beam 

must be impacting the vertical face of the step. In this case, the distance to the vertical 

surface is calculated as the range measurement. 

 The following results show the influence of the step terrain on the estimate of the 

spacecraft state. The trajectory is the same as that used in the previous section. However, 

the surface is flat aside from the step – no other terrain features are present. The height of 

the step for this case is 1 m. The vertical face of the step is at a 45° angle to the direction 

of the trajectory. The reason for this orientation of the surface was to study the case that 

would influence the estimate of the state the most. If the face of the step were 

perpendicular to the direction of the trajectory, the influence would be minimal. The 

forward beam would track over the step, shortening the range measurement. Because a 

flat surface is assumed in the filter, the main effect of this would be a pitch change to 

correct the range measurement. After the two rear LIDAR beams track over the step as 

 38



well, the pitch would correct in the opposite direction, and the overall effect on the 

estimate will be primarily in pitch. However, when the step is at an angle to the 

trajectory, the rear beams will not track over the step at the same time. This will cause a 

change in the estimated roll, as well as pitch. It will also cause an effect on all the 

estimated states. Figures 27 through 31 show the influence of this step terrain on the 

estimate. 

 

 

Figure 27. Influence of step terrain on position estimates. 

 39



 

Figure 28. Influence of step terrain on velocity estimates. 

 

Figure 29. Influence of step terrain on accelerometer bias estimates. 
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Figure 30. Influence of step terrain on gyro bias estimates. 

 

Figure 31. Influence of step terrain on orientation estimates. 
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 The impact of the individual beams on the step can be seen in Figure 27, with 

beam 1 impacting at 7 seconds, beam 2 at 15 seconds, and beam 3 at 37 seconds. Note 

that the impact of beam 1 does not contribute a large error in the x and y position 

estimates; the effect of beams 2 and 3 impacting the step is much greater. Also of note is 

the altitude estimate, which settles to an estimate of 1 m. This is because the estimate of 

altitude is in the inertial frame; the filter is actually settling on the top of the step at a 

height of 1 m. The velocity estimates in Figure 28 show similar results. The impact of 

beam 1 on the surface does not produce a large error in velocity, but the impacts of beams 

2 and 3 do. These velocity errors are again the main contributor to the position errors 

seen in Figure 27. The estimate in the z direction settles most quickly, with errors in x 

and y trending toward zero more slowly.  

 In Figures 29 and 30, the IMU bias estimates again make the beam impact events 

evident. The impact of beam 1 produces a change in the pitch gyro estimate, with little 

effect on the other two. However, it also feeds into the estimates of the accelerometer 

biases. When beam 2 tracks over the step, it produces a change in the roll gyro estimate, 

and also feeds into all directions of the accelerometer bias estimates. Finally, when beam 

3 impacts, it produces a change in the yaw gyro bias estimate. While there is of course 

some effect of each impact on estimates in all three directions, each produces a much 

larger effect in one direction than in the other two. Examining the orientation estimates in 

Figure 31 can lead to more understanding of the effects. The impact of beam 1 produces 

primarily a change in the pitch estimate, as expected. When beam 2 impacts, it produces a 

change in the roll estimate. At the same time, the yaw estimate is affected. Because yaw 

cannot be determined for a flat surface, the change is much larger than the roll change. 
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However, because the surface is not entirely flat (due to the step), there is some activity 

in estimating the yaw. When beam 3 impacts the step, both the pitch and roll estimates 

are affected, and they begin to trend towards the true state. However, because of the large 

errors in the gyro bias estimates, the estimated angles do not return precisely to the true 

state.  

 These results show that while this type of terrain can introduce errors into the 

spacecraft state estimate, landing would still be possible. While errors in the landing 

location would be off by over 100m in each direction, the spacecraft would still come to 

rest on the surface. Velocities in all directions upon landing would still be minimal. The 

orientation of the spacecraft would also be tolerable. While the yaw estimate is off by 15 

degrees from the true state, pitch and roll estimates are correct to within a fraction of a 

degree. Because yaw cannot be determined, such large errors might be expected. 

However, with the more accurate pitch and roll estimates, as well as the minimal 

velocities nearing the surface, landing would still be possible. Further retuning of the 

filter to better estimate the gyro biases and reduce influence on the yaw estimate is a 

subject of interest for possible further research.  

 

6 Conclusions and Future Work 
 
 A retuned Kalman filter for accurately estimating spacecraft position, velocity, 

and orientation during landing has been presented. This filter combines IMU 

measurements of acceleration and angular velocity with LIDAR measurements of range 

and line of sight Doppler velocity for increased accuracy in state estimation. This filter, 

originally tuned for use over a flat surface, now provides a more accurate estimate over 
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realistic rough terrains. This retuned filter will allow for greater landing accuracy for 

future unmanned or human missions to the Moon or Mars, allowing them to land near 

sites of scientific interest, or in possibly hazardous areas. 

 This filter has been found to be robust, even when misalignments are present in 

the LIDAR geometry, or if limited data is available. The filter is capable of accurately 

estimating the state for various polar angles, but the current beam geometry provides a 

good balance in the accuracy of the estimates. The retuned filter has been tested through 

extensive simulation and shown to provide accurate state estimates over terrains 

including hemispherical bumps, sinusoidal ridges, and steps. 

 Recommendations for further work include: attempting to relate the range and 

Doppler measurements more accurately; running more simulations over additional types 

of terrains; and developing an algorithm for automatic tuning of the filter based on an 

elevation map of the expected terrain. Perhaps most importantly, the filter should be 

implemented into the hardware for the next series of test flights, so that the filter estimate 

of the spacecraft state can be tested in real-time. 
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