Abstract

AITKEN, MATTHEW LAWRENCE. Lidar-Aided Inertial Navigation with Extended
Kalman Filtering for Pinpoint Landing. (Under the direction of Dr. Robert H. Tolson.)

In support of NASA’s Autonomous Landing and Hazard Avoidance Technology
project, an extended Kalman filter (EKF) routine has been developed for estimating the
position, velocity, and attitude of a spacecraft during the landing phase of a planetary
mission. The EKF is a recursive algorithm for obtaining the minimum variance estimate
of a nonlinear dynamic process from a sequence of noisy observations. The proposed
filter combines measurements of acceleration and angular velocity from an inertial
measurement unit with range and range-rate observations from an onboard light detection
and ranging (LIDAR) system. These high-precision LIDAR measurements of distance to
the ground and approach velocity will enable both robotic and manned vehicles to land
safely and precisely at scientifically interesting sites. The robustness and accuracy of the
Kalman filter were first established using a simplified simulation of the final translation
and touchdown phase of the Apollo lunar landings. In addition, experimental results from
a helicopter flight test performed at NASA Dryden in August 2008 demonstrate the merit

in employing LIDAR for pinpoint landing in future space missions.
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Nomenclature and Abbreviations

Vectors are represented by boldface characters. All vectors are 3x1, and all matrices are
3%3, unless otherwise indicated.

Symbols

A rotation from navigation frame to vehicle body frame

a net body acceleration

a, measured net body acceleration

B modulation bandwidth of laser signal

b, accelerometer drift-rate bias

b, gyroscope drift-rate bias

C speed of light

F continuous-time state transition matrix (15x15)

fq Doppler shift frequency

G input noise sensitivity matrix (15x12)

g gravitational acceleration

GM universal gravitational constant multiplied by the mass of the Earth

H measurement sensitivity matrix (6x15)

K Kalman gain matrix (15x6)

L matrix whose columns are the direction cosines of the 3 LIDAR beams in
the vehicle body frame

N discrete-time state noise covariance matrix (15x15)

n, accelerometer drift-rate noise

ng gyroscope drift-rate noise

n, accelerometer drift-rate ramp noise

Ny gyroscope drift-rate ramp noise

P state error covariance matrix (16x16)

P reduced-dimension covariance matrix (15x15)

P, initial covariance (16x16)

P predicted covariance at time ty (16x16)

P’ updated covariance following measurement at time ty (16x16)

p position

Q continuous-time state noise covariance matrix (12x12)

q attitude quaternion

viii



R measurement noise covariance matrix (6x6)
R; rotation from LGCV to LGV

RS rotation from ECEF to LGCV

R; rotation from ECEF to LGV

R’ rotation from IMU frame to vehicle body frame
T waveform period of laser signal

u measurement noise (6x1)

Vv velocity

W state noise (12x1)

X state vector (16x1)

X state estimate (16x1)

X reduced-dimension state vector (15x1)

X initial state estimate (16x1)

X, predicted state estimate at time ti (16x1)

X, updated state estimate following measurement at time t (16x1)
z measurement vector (6x1)

AX state error vector (16x1)

oA direction cosine matrix corresponding to quaternion error dq
N quaternion error

o0 infinitesimal attitude error angle vector

A longitude

A laser wavelength

Yo, range (distance to the ground)

0 range-rate (line-of-sight velocity)

) discrete-time state transition matrix (15x15)
7 geodetic latitude

®. geocentric latitude

0] body angular velocity

o, angular velocity of the Earth

o, measured body angular velocity
Subscripts

a accelerometer

d Doppler

e Earth

g gyroscope

k value at k-th time step



m measured value

r ramp

0 initial value
Superscripts

b vehicle body frame

c LGCV frame

e ECEF frame

i IMU frame

Vv LGV frame

- predicted value

+ updated value
Abbreviations

ECEF Earth-centered Earth-fixed
EKF extended Kalman filter
GPS Global Positioning System
IERS International Earth Rotation and Reference Systems Service
IMU inertial measurement unit
JPL Jet Propulsion Laboratory
LGCV local geocentric vertical
LGV local geodetic vertical
LIDAR light detection and ranging
WGS 84 World Geodetic System of 1984



1 Preface

Future space exploration will require that descent vehicles employ accurate real-
time state estimation, enabling the capability to land precisely and safely at scientifically
promising but potentially hazardous sites. Robotic exploration, sample return, and human
missions to the Moon, Mars, and other bodies in the solar system warrant the
development of sophisticated hazard avoidance and precision landing technologies.
Pinpoint landing will be particularly vital for human exploration vehicles, which will
need to land proximate to pre-positioned supplies and emergency abort systems.

Taking Mars for example, the estimated landing accuracy for Mars Pathfinder,
which landed on the red planet in 1997, was within 150 km of the intended target. Due to
improvements in approach navigation, namely more accurate models of the upper
Martian atmosphere, the estimated landing accuracy was reduced to 35 km for the Mars
Exploration Rovers in 2004. Mars Science Laboratory, scheduled to be launched in 2011,
is expected to land within 10 km of the target (Amzajerdian). However, by relying on
existing technologies, such as radar altimeters and motion estimation cameras, significant
gains in landing accuracy will be seriously limited by uncertainties in the middle Martian
atmosphere. Thus, current state of the art is inadequate for targeting and safely landing at
scientifically interesting sites, which typically contain hazardous terrain features, such as
craters, slopes, and rocks.

For this reason, the development of a more capable and robust landing system,

featuring a light detection and ranging (LIDAR)-based autonomous guidance and control



instrument, is essential for reducing risks and increasing performance of future planetary
missions. The flight-qualified version of this technology is anticipated to have the
capability of navigating to within 10 to 100 m of the target by analyzing terrain features
and identifying safe landing sites. Moreover, the system will provide real-time trajectory
updates, in particular surface proximity, orientation, and vector velocity. Two laser
sensors are employed to meet these objectives: a three-dimensional imaging LIDAR to
provide surface topography information and a coherent range and velocity LIDAR to
provide precision altitude, velocity, and attitude updates. Demonstrating the ability of the
range and velocity LIDAR to estimate the state of the vehicle is the subject of this report.

To accomplish this task, an extended Kalman filter (EKF) has been developed to
estimate position, velocity, and attitude during landing. The proposed estimator combines
measurements of acceleration and angular velocity from an inertial measurement unit
(IMU) with range and range-rate observations from an onboard LIDAR system. Data
from a helicopter flight test carried out at NASA Dryden in August 2008 was used to
evaluate system performance. Analysis of the results shows filter estimates in excellent
agreement with high-accuracy GPS measurements. Appropriate reviews of inertial
navigation, coordinate systems, and nonlinear state estimation using extended Kalman
filtering are provided prior to the discussion of results. The sections on inertial navigation
and coordinate systems are taken largely from Chatfield, while Lefferts et al. provide
much of the material found in the EKF overview.

In the sections that follow, vectors are represented by boldface characters. Vector

magnitudes are indicated by the vector symbol in regular type. Derivatives are written



using standard engineering notation: a single dot denotes the first derivative with respect
to time, while a double dot denotes the second derivative with respect to time. The
primary system of units used here is the mks system, i.e. length is measured in meters
(m), mass in kilograms (kg), and time in seconds (s). Accordingly, velocity is measured
in m/s and acceleration in m/s%. To be consistent with these units, angular velocity would
be expressed in radians per second (rad/s); however, the angular rates encountered in
inertial navigation are usually much less than 1 rad/s. For this reason, angular rate,

especially gyroscope drift, is often expressed in degrees per hour (deg/hr).

2 Inertial Navigation

Inertial navigation involves the estimation of the position, velocity, and
orientation of a moving body and has numerous applications in both atmospheric and
space flight. The primary sensors used in inertial navigation systems are the gyroscope
and accelerometer, which measure the angular velocity and acceleration due to non-
gravitational forces, respectively, of the body with respect to inertial space. These two
instruments are collectively referred to as the inertial measurement unit. While the initial
state is usually provided by an external source, such as GPS, independent updates to the
state can be obtained by integrating the rates provided by the inertial sensors.

However, even the most advanced inertial navigation systems suffer from

integration drift; by themselves, accelerometers and gyroscopes provide changes to the



state with ever-increasing error. For this reason, IMU data is often combined with
external measurements to improve navigation accuracy. In this case, the process is
referred to as aided inertial navigation. Specifically, this report examines the use of
LIDAR range and range-rate observations in supplementing the measurements provided
by the IMU.

A central discipline within the field of inertial navigation is geodesy, which
involves the measurement and representation of the Earth’s shape and gravitational field.
For bodies near the surface of the Earth, acceleration due to gravity is particularly
sensitive to variations in location because of the non-spherical shape and non-uniformly
distributed mass density of the Earth. In such applications, sophisticated gravity models
are critical for high-accuracy inertial navigation.

Consider a vehicle with position p with respect to an inertial coordinate system
whose origin is the center of the Earth. According to Newton’s universal law of
gravitation, the gravitational acceleration due to the attraction of a spherical,

homogeneous Earth is given by

= P (2.1)

where GM is the product of the universal gravitational constant and the mass of the Earth.
Due to local gravity anomalies and other factors, such as the oblateness of the Earth,
gravity is almost always more complex than this simple central force field.

Airborne vehicles near the surface of the Earth are subject to gravity in addition to

other forces, the most common of which are thrust, lift, and drag. Non-gravitational force



per unit mass is often referred to as specific force. From Newton’s second law, the
acceleration of such a vehicle is given by

p=a=a,+0 (2.2)
where a, is the net specific force. (Here, the subscript m has been used because ay, is the
net acceleration measured by the accelerometer. Also, all vectors in Equation (2.2) are
understood to be in the inertial coordinate system.) Equation (2.2), which states that the
total kinematic acceleration of a body is equal to the sum of the specific force and
gravitational acceleration, is the fundamental equation for inertial navigation in inertial
coordinates. When the navigation coordinate system is non-inertial, the right hand side of
the equation includes additional terms, which will be encountered in Section 6.2.
Equation (2.2) is valid even if the actual gravity differs from the central term represented
by Equation (2.1).

With a mathematical model of the gravity field and IMU measurements of the

specific force, the velocity v is calculated as the sum of the initial velocity and the

integral over time of the kinematic acceleration
V=V, +Iadt (2.3)

Similarly, position is found by adding the initial position to the integral over time of the

velocity
pP=p, +.|.vdt (2.4)

In addition to determining translational motion, inertial navigation systems

employ gyroscopes for sensing the angular velocity of a body with respect to inertial



space. Just as accelerometer measurements are used to integrate the kinematic equations
for position and velocity, angular rates are used to integrate the kinematic equation for
attitude. Often, quaternions are used to represent the orientation of the vehicle. Attitude
dynamics and the quaternion kinematic equation are treated in greater detail in Section

6.1.

3 Coordinate Systems

Navigation systems measure acceleration and angular velocity with respect to
inertial space, but position, velocity, and orientation are often expressed in terms of
Earth-based, non-inertial coordinate systems. Thus, coordinate systems and coordinate
transformations are fundamental concepts in inertial navigation. The coordinate systems
described in this section are orthogonal and are defined by specifying the location of the
origin and the direction of three axes.

In particular, the World Geodetic System is a standard for use in navigation which
models the Earth as an oblate spheroid with an elliptical cross section to closely
approximate mean sea level. The system also defines a standard Earth-centered Earth-
fixed (ECEF) coordinate frame which rotates with angular velocity we equal to the true
rotation rate of the Earth. The center of the reference ellipsoid and origin of the
coordinate frame are designed to coincide with the Earth’s center of mass. The z-axis of

the ECEF frame points from the origin to the north pole. The x-axis lies in the plane of



the Earth’s equator and points towards the International Earth Rotation and Reference
Systems Service (IERS) reference meridian—>5.31 arcseconds east of the Greenwich
prime meridian—and the y-axis completes the right-handed system. The latest model, the
World Geodetic System of 1984 (WGS 84), is the coordinate system used by the Global
Positioning System (GPS). WGS 84 defines GM = 3.986005 x 10 m®/s* and we =
7.292115 x 10” rad/s. When necessary, vectors in the ECEF frame are denoted by a
superscript e.

Position and velocity are often expressed in the local geodetic vertical (LGV) or
geographic coordinate system, in which the z-axis is everywhere normal to the Earth
reference ellipsoid. The x- and y-axes are directed toward geographic north and west,
respectively. The local geocentric vertical (LGCV) frame is similar to the LGV frame,
except that the z-axis is coincident with a line from the center of the Earth to the point of
interest. Like the ECEF frame, the origin of the LGV and LGCV frames is the Earth
center of mass. When necessary, vectors in the LGV and LGCV frames will be indicated
by the superscripts v and c, respectively.

The origin of the vehicle body coordinate system is taken to be the IMU center of
mass. The x-axis, which corresponds to the vehicle roll axis, points forward along the
longitudinal axis of the vehicle. The y-axis (pitch axis) is directed 90 degrees to the left
when facing forward, normal to the roll axis. The z-axis (yaw axis) is directed upward
normal to the xy-plane. The IMU input axes, whose origin is also the IMU center of mass,

do not necessarily correspond to the body-fixed axes. When necessary, the letter b will be



used to denote the body-fixed coordinate system, while the letter i will be used to denote
the IMU input coordinate frame.

As would be expected, transformations between the different types of coordinate
systems are frequently required. Transformations between orthogonal frames are
rotations and are designated by the direction cosine matrix R with appropriate subscript
and superscript. Rotations map vectors in the subscript system to the superscript system.

For example, take the position vector of a point in the LGV frame to be p’ = [px py
p.]". Because the rotation from the LGCV frame to the LGV frame is small, the

corresponding transformation is closely approximated by the skew-symmetric matrix

P 0 p,
RY = S0 (3.1)
- px 0 pz

where it should be noted that R is not orthonormal. Denoting longitude and geodetic
latitude A and ¢, respectively, the rotation from ECEF to LGV is given by

—COSAsing —sinAsing cos @
R) = sin A —COSA 0 (3.2)
CosAcosep sinAcose sSing

Finally, to obtain the rotation from ECEF to LGCV, geodetic latitude is replaced with

geocentric latitude ¢. in Equation (3.2)

—CoSAsing, —sinAsing, Ccosg,
RS = sin A —COSA 0 (3.3)
CosSAcose, SINAcose, Sing,



4 The Extended Kalman Filter

The Kalman filter is a recursive algorithm that estimates the state of a linear
dynamic system from a series of noisy measurements; moreover, state noise is used to
model uncertain system parameters. Its nonlinear counterpart, the extended Kalman filter,
IS a non-optimal estimator which linearizes about the current state estimate. Despite the
inaccuracy introduced by this approximation scheme, the extended Kalman filter is a
standard in navigation systems. Following the notation of Lefferts et al., the general

system is governed by the state equation
d
m x(t) = f(x(t),t) + g (x(t), hw(t) (4.1)

where X(t) is the state vector and the vector w(t) is Gaussian white noise whose mean and
covariance are given by
E[w(t)]=0 (4.2)
E[w(t)w’ (t)]=QM)s(t-t) (4.3)
where E denotes expectation value. The initial mean and covariance of the state vector
are given by

E[x(t,)] = )A((to) = Xo (4.4)

E[(x(ty) — X )(X(ty) — Xo)T] =P(t) =R (4.5)



4.1 Prediction

In the absence of any measurements, the minimum variance estimate of the state
at time t is given by the conditional expectation
X(t) = E[x(®) | X,] (4.6)
The predicted estimate satisfies the differential equation
%f((t) = E[f(x(®),1)]= f(x(t).t) ~ F(X(t).1) (4.7)
which can be integrated to yield
X(t) = o(t, X(t,),t,) (4.8)
The state error vector and the corresponding covariance matrix can be written as

AX(t) = x(t) — X(t) (4.9)
P(t) = E[AX(D)AX (1)] (4.10)

Applying a first-order Taylor series expansion about the state estimate to Equation (4.1)

gx(t) ~ f(>A<(t),t)+i f(x, )] AX(t) + g(X(t), t)w(t)
dt OX 20

= f (X(t),t) + F()AX(t) + G(t)w(t)
Using Equations (4.7) and (4.9), it is readily seen that the state error vector satisfies the

differential equation

%Ax(t) — FOAX() + GOW(Y) (4.12)

which may be integrated to give

AX(t) = D(t, )AX(L,) + [ D )G )W(E )t (4.12)

10



where O(t,t,) is the state transition matrix, satisfying the differential equation

%d)(t,to) = F(t)®D(t,t,) (4.13)

with the initial condition
<D(t0,t0) =1 (4.14)

The predicted covariance matrix satisfies the matrix Riccati equation
% P(t) = F(t)P(t) + P(t)FT (t) + G(t)Q(t)GT (t) (4.15)
which may be integrated to yield

P(t) = O(t,t,)P(t, )P (t,t,) +f Ot t)G(t)Q)G () (t,t')dt
© (4.16)
= q)(t!to)P(to)(DT (tyto) +N (t'to)

Let X, and P_ denote the predicted values of the state vector and the state
covariance matrix at time ti, respectively. Immediately following a measurement at time
ty, these same quantities are denoted by X, and P,". The state estimate and covariance
are mapped to the next measurement time, ty+1, using Equations (4.8) and (4.16):

),21;1 = ¢(tk+1' )A(: ’tk) (4.17)

P.,=®,P @ +N, (4.18)

4.2 Filtering

The measurement vector at time ti, z, is related to the state by

z, =h(x,)+u, (4.19)

11



where uy, the measurement noise, is discrete Gaussian white noise whose mean and

covariance are given by
E[u,]=0 (4.20)
E[Uku:'] = ROy (4.21)

Denoting the measurement sensitivity matrix by

oh(x)
H =—+* 4.22
Sl (4.22)
and the Kalman gain matrix by
K.=P H](HP H +R)™ (4.23)

both the estimate and the covariance are updated in a minimum variance sense using the

measurement at time t,
X, =X, +K [z, —h(X)] (4.24)
Pk*:(I—Kka)Pk’(I—Kka)T+KkRkKkT (4.25)
To summarize, during a single iteration of the filter, the measurement at time tx is
used to correct the predicted values of the state estimate and covariance using Equations
(4.24) and (4.25); those quantities are then mapped to the next measurement time, ty.1,

using Equations (4.17) and (4.18). The procedure is repeated until no more measurements

remain to be processed.
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5 Sensor Models

5.1 Inertial Measurement Unit

Following Farrenkopf, both the accelerometer and gyroscope are assumed to be
corrupted by a drift-rate bias b and drift-rate noise n, the latter of which is modeled as a
Gaussian white noise process. To avoid excessive use of subscripts and superscripts, the
previous notation for coordinate rotations is abandoned for the transformation from the
navigation to the body frame, which will be represented by the matrix A. Thus, the sensor
outputs are given by

a,=A@—-g)+b, +n, (5.1)
o, =Aw+b, +n, (5.2)

where @ is angular velocity of the body in the navigation (planet-fixed) coordinate
system. The subscript m in Equations (5.1) and (5.2) denotes the measured value of
acceleration and angular velocity, respectively. In both equations, a, g, and w are
understood to be in the navigation frame; all other vectors are understood to be in the
vehicle body frame. The subscripts a and g on the bias and noise vectors refer to the
accelerometer and gyroscope, respectively.

The drift-rate biases are not constant, but are instead driven by drift-rate ramp

noise

—b, =n (5.3)

13



d
abg = nrg (54)

where ny, and nyg are assumed to be Gaussian white noise processes. All noise processes
are further assumed to be uncorrelated. As in Lefferts et al., IMU data are not treated as
observations, and thus IMU noise appears as state noise instead of observation noise. In

this case, the system noise vector is written

" (5.5)

5.2 LIDAR Measurement Model

In addition to the IMU, the vehicle is also equipped with a LIDAR system
containing three telescopes, each of which produces a laser beam directed at a polar angle
of 22.5° from the body’s negative z-axis; moreover, the three beams are separated
azimuthally from each other by angles of 120° (see Figure 5.1). Each LIDAR signal

measures distance to the ground (range) p; and line-of-sight velocity (range-rate) p, , i = 1,

2, 3. Thus, the measurement vector z, which is understood to be in the vehicle body

coordinate system, is given by

z=|"" =H (5.6)

14
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Figure 5.1: LIDAR system geometry

Range and velocity are measured using optical heterodyning (the mixing of two
oscillating waveforms) and linear modulation of the laser signal frequency. Unlike radar,
the laser beam surface footprint is small (less than 10 cm), which reduces uncertainty in
range. Velocity is found by measuring the Doppler shift due to the motion of the vehicle
relative to the ground.

Figure 5.2 shows the frequency content of the LIDAR signal versus time. In the
figure, T is the waveform period and B is the modulation bandwidth. The transmitted

laser beam is reflected from the surface and received by the detector after the round-trip

15



time of flight t, = 2p/c, where p is the range to the target and c is the speed of light.
Relative to the outgoing waveform, the incoming signal is horizontally shifted because of
this time delay. If the LIDAR platform is moving relative to the ground, the received
waveform is also vertically shifted by the frequency fq due to the Doppler effect. After a

little algebra, the target range is easily found to be

Tc
= f 5.7
P=71g (5.7)
while the line-of-sight velocity is given by the familiar Doppler effect formula for
electromagnetic waves
. Af
p= 7" (5.8)

where 4 is the wavelength of the transmitted wave in the reference frame of the source.

Transmitted
Received

Frequency

Time

Figure 5.2: Linear frequency modulation.
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6 Estimator Description

6.1 Attitude Kinematics

The attitude of the vehicle is represented by the quaternion, defined as

q=m (6.1)
d,

where q = [q1 2 9s]" = 4sin(0/2) and g, = cos(6/2) are the vector and scalar components
of the quaternion, respectively. Here, the unit vector 4 is the axis of rotation and 6 the
angle of rotation. The attitude quaternion satisfies the familiar constraint q'q = 1.

From Wertz, the direction cosine matrix A transforming vectors from the
navigation coordinate system to the body-fixed coordinate system is found from the

quaternion using the formula

A@) = (|qu? —lof* 1o + 209" — 20, %] (6.2)

where the cross product skew-symmetric matrix is given by

O _q3 qz
lax]=| @, 0 -q (6.3)
_qz ql 0

This notation will be used in the future for any cross product matrix obtained from a 3x1
vector.
The product of two quaternions is written in the same order as the corresponding

direction cosine matrices
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A@®q) = A@A(T) (6.4)

where quaternion multiplication is defined by

a, g; -4, q
— 0 a, Q, a,
q®q =[qlg" = q (6.5)
d -0 04, Qs
-0 —0; —0; 4
If @ is the angular velocity of the body with respect to the navigation frame, with
components in the navigation coordinate system @ = [w1 w2 w3]', the rate of change of

the quaternion with respect to time is given by

a0 =2 (Ae(®)a) (66)
where
0 w; -0, o
ey O W, o, —[wx] [0
Qe) = w, -0 0 o _{ o' 0} (6.7)
-0, -0, —w, 0
6.2 The State Equation

The state of the spacecraft is given by the position, velocity, attitude quaternion,

and two drift-rate bias vectors

x(t) = (6.8)
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and thus has dimension 16. Here, p and v are understood to be in the navigation frame,
while b, and by are understood to be in the vehicle body frame. Also, q is understood to
be the quaternion corresponding to the rotation from the navigation frame to the body
frame. With time derivatives taken with respect to the navigation coordinate system—
assumed here to be planet-fixed and rotating—the kinematic equations can be formulated

as a first-order system of differential equations (Trawny et al., Meirovitch)

[ p] v v
v a_z[we ><]V_[we X]Zp AT(am_ba_na)+g_2[we X]V_[wex]zp
x(t)=|b, = Nea = Nea (6.9)
q %Q(A((l)—(l)e))q %Q(wm _bg _ng - Awe)q
_bg_ ] Ny, 1N Nyg |

where e is the rotation rate of the Earth in the navigation coordinate system. The last
two terms in the second row of Equation (6.9) are recognized as the Coriolis and
centrifugal forces due to the rotation of the navigation frame. Note that the gyroscope
senses the angular velocity of the body with respect to inertial space. Thus, to obtain the
angular velocity of the body with respect to the rotating navigation frame, the rotation
rate of the Earth must be subtracted from the gyro measurement. Hence the —Aw, term in
the fourth row of Equation (6.9).

The predicted version of the state equation is obtained by taking the expectation

of Equation (6.9) and using the approximation given in Equation (4.7)

1 T y _
] V| | ATa+g—2fm, x - [, <] p
—R@t)=—|b, |= 0 (6.10)
dt dt| A

q 7% Q)4

_bg_ L 0 i
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where d=a,, -b,, @=, —b, — Aw,, and A is the direction cosine matrix

corresponding to the predicted attitude quaternion. Propagation of the state estimate is

carried out using a simple Euler method integrator.

6.3 State Error Model

Following Lefferts et al., the elements of the state error vector are given by the
arithmetic difference between true and estimated quantities, as defined in Equation (4.9),
with the exception of the quaternion error. Due to the constraint on the quaternion norm,
a standard additive error model for the quaternion would result in a singular covariance

matrix. One way to avoid this singularity is to represent P by a matrix of smaller
dimension P . Consequently, the true quaternion is modeled as the product of the
quaternion error and the estimated quaternion

q=0®f=q=q®§™ (6.11)
Since the infinitesimal attitude error corresponds to a small rotation angle, the following

small angle approximation can be applied

BEIREL
[

and hence, the attitude error information is fully contained within the 3x1 tilt angle vector
06. The uncertainty in the attitude estimate is thus characterized by a 3x3 covariance
matrix of full rank.

At any time, the full 16x16 covariance matrix P can be reconstructed from the

reduced 15x15 representation P by (Lefferts, et al.)
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P=5PS” (6.13)
where

I 9x9 09><3 09><3

S=10,, & 0,, (6.14)

3x9 03><3 I 3x3

and the matrix = is calculated from the attitude quaternion as

q, — 03 g,
E — q3 q4 - ql (615)
-4 4 O
-4 -0, —0
Writing the reduced-dimension state vector
FpT
v
X =|b, (6.16)
D, |

and its corresponding predicted value (noting that the expectation value of 60 is a 3x1

null vector)

(6.17)

xXb
Il
oL <

o>

«

the reduced-dimension state error vector is given by
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The continuous-time linearized dynamics for the state error are found using

Equation (4.11), where the continuous-time state transition matrix F can be written

0 5.
Oss O3
F=]05; 054
0 0
0 0

3x3

3x3

Ap
Av
Ab,
o0

Ab,

X1
|
X
Il

and the input noise sensitivity matrix G is given by

03><3
_AT
G=| 05,

O3><3
L 03><3

The second line of F is derived as follows: denote by JA the direction cosine matrix

035 035

~AT AT [é ><]
0.5 035

035 - [“A’ x]
03 035

T NP U
T U U
lss Oz Ogg
03><3 - |3><3 03><3
O35 Ogg I

3x3

03><3
03><3
03><3

- |3><3

03><3 |

(6.18)

(6.19)

(6.20)

corresponding to the quaternion error 6q. For infinitesimal rotations, this matrix is related

to the tilt angle vector by 6A = —[50 ><]+ I,,. From Equations (6.4) and (6.11), the true

and estimated direction cosine matrices satisfy the relationship A = SAA . Write the state

equation for v as
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Il
>
-
—_
o))

_ba _na)+g

AT([00x]+1)a, b, —-n,)+g

=AT[50X](am _ba _na)+AT(am _ba _na)+ g

_AT[am _ba —na)x]50+AT(am _ba _na)+g

from which it follows that (again, noting that the expectation of 6@ is a 3x1 null vector)

A
db, |,
and
v =-A"[(a, -b,)x]=-A"[ax]
dwi m a

The fourth line of F is derived in Lefferts et al.

6.4 Measurement Sensitivity Matrix

Assuming that the landing surface is flat and that the navigation z-axis is normal
to this surface, the relationship
Ip+ p,(ITA"1,) =0 (6.21)
is satisfied, where |; is the unit vector comprising the direction cosines of the i-th LIDAR

beam in the body-fixed coordinate system, and the projection matrix IT is given by

mn=[0 o 1] (6.22)
From Equation (6.21)
_Hp
= 6.23
P = AT (6.23)
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which can be rewritten as
pi =-TIp(IIAT1) ™
— —TIp(ITAT (1 +[30x])1,)
— —TIp(TTAT I, + TIAT [56x]1,)™
= —Tp(TTA"I, ~TIAT[I,x]50)
from which it follows that

8pi| _ -
opl; AL

(6.24)

and

P

= TIp(ITAT 1) 2TIAT[I. 6.25
o) p( i) [1:x] (6.25)

The partial derivatives of range with respect to the other state variables are trivially zero.
Regardless of the surface topography, each range-rate measurement is simply the

component of the spacecraft velocity along the respective LIDAR direction
pi=(ATL)-v=(ATI)v=IL"Av =123 (6.26)
Using the notation from Equation (5.6), and defining the matrix
L=, 1, 1] (6.27)
Equation (6.26) is more compactly written
p=L"Av (6.28)

which may be recast as
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p =L 5AAv

from which it follows that

and

The partials with respect to the other state variables vanish, and the measurement

=L (1 —=[60x]) Av

=L"Av + L"[(Av)x]50

op

20l ~ © [(AV)X]

X

(6.29)

(6.30)

sensitivity matrix H, then, is easily formed using Equations (6.24), (6.25), (6.29), and

(6.30).

6.5 Update and Propagation

Using the caret operator to denote filter corrections to the corresponding predicted

quantities

the update for the quaternion is given by

d.f :ﬁk ®CI|2

25
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(6.31)

(6.32)



where

27k } (6.33)

P A
k 1_%50; épk
while the update for the remaining elements of the state estimate is the usual additive

correction

M v, AV,

A+ = ~_ + ~ (6. 34)
bak bak Abak

bgk bg;k Abgk

Integrating Equation (4.13), the discrete-time state transition matrix at time ty is

given by

o, = exp( [ F(t‘)dt‘j (6.35)
while the discrete-time noise covariance matrix Ny is calculated from Equation (4.16)
Ny = [ ®(t,.,1)GE)QGT ()P (., bt (6.36)

If the time between measurements is small, Equations (6.35) and (6.36) are reasonably
approximated under the assumption that the integrands are constant. The state estimate

and covariance are then propagated following the extended Kalman filter procedure

outlined in Section 4.

To facilitate physical interpretation of the results, the attitude is presented as yaw,
pitch, and roll angles rather than the four element quaternion; the corresponding partition
of the covariance matrix is converted accordingly. The conversion from the quaternion to

the 3-2-1, or yaw-pitch-roll, Euler angle set is given by (Wertz)
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4 2 +
yaw tan 1( 29,9, q23q4)2j (6.37)
4, +0; —Q;, —Q,
pitCh =sin™ (2(q4q2 - qqu)) (6-38)
roll =tan‘1[ 29, +q;q3)2j (6.39)
4, —Q0; —Q; +Q;

The quaternion covariance Py is converted to the Euler angle covariance Py, using the

similarity transformation (Vallado)
;
P, ~ JP,J (6.40)
where J is the Jacobian for the transformation, i.e. the matrix of all first-order partial
derivatives of the Euler angle set with respect to the quaternion. The approximation sign

appears in Equation (6.40) because the Euler angles are nonlinear functions of the

quaternion elements.

7 Simulation Results

A simple simulation based on the final translation and touchdown phase of the
Apollo lunar landings, as described in Bennett et al., was designed to study the
effectiveness of the proposed Kalman filter. This terminal phase of the descent trajectory
takes place close to the landing surface and involves relatively low velocities and small

attitude changes.
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7.1 Model

The landing surface is assumed to be flat, and the navigation z-axis is normal to
this surface and directed upward. The navigation x-axis is an arbitrary direction in the
plane of the landing surface; the y-axis completes the right-handed coordinate system.
For simplicity, the IMU input axes were assumed to be coincident with the vehicle body
coordinate frame; in addition, the rotation of the Moon was ignored, i.e. the navigation
coordinate system was taken to be inertial.

Lunar gravitational acceleration is constant, g = 1.625 m/s?, and acts in the
direction opposite to the navigation z-axis. The initial conditions for the simulation were
taken to be: altitude = 337 m, velocity = 20.3 m/s, flight-path angle = 0°, yaw = 45°, pitch
=-14°, and roll = 0°. The vehicle is subject to a constant thrust T = 0.98g acting in the
vehicle body z-axis and a constant angular velocity of 0.002443 rad/s about the body y-
axis. Initial conditions and IMU measurements were designed such that the vehicle lands
upright at touchdown (i.e. pitch = 0°) with zero horizontal velocity and vertical velocity
as small as possible.

The “actual” trajectory of the lander was computed by integrating the equations of
motion, Equation (6.9), with the parameters given above. Using this actual trajectory, a
set of pseudo-observations was generated; Gaussian white-noise processes with standard
deviations 0.1 mand 0.1 m/s were added to the range and range-rate measurements,
respectively. In addition, the accelerometer output was assumed to be corrupted by
Gaussian noise with standard deviation 1x107 m/s?, while the sensed angular velocity

was corrupted by Gaussian noise with standard deviation 1x107® rad/s. The actual
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accelerometer and gyroscope biases along all three IMU input axes were set to be 0.01
m/s? and 1 deg/hr, respectively. The standard deviations of the random drift-rate ramp
noise vectors were selected such that the actual biases changed “slowly” with respect to
time: 1x10°[1 1 1] m/s® for the accelerometer and 1x10°®[1 1 1]" rad/s” for the gyro.
Both the IMU and LIDAR measurement data sets were generated at a rate of 10 Hz.

To test the ability of the LIDAR measurements to improve the state estimate, the
initial fix was chosen to deviate from the actual initial state. Each component of the initial
position estimate exceeded its corresponding actual value by 100 m, while each
component of the initial velocity estimate exceeded its corresponding actual value by 5
m/s. The initial yaw estimate differed from its actual value by 3 degrees, while pitch and
roll were each off by 5 degrees. The initial covariance was selected to be consistent with
the initial residuals (defined to be the actual value minus the estimated value). Moreover,
the state and observation noise covariance matrices were chosen to be consistent with the
noise added to the IMU and LIDAR measurements. Propagation of the state estimate was

carried out assuming that the gravity model was known without error.

7.2 Discussion

Using the initial conditions given above, two separate simulations were run: one
with LIDAR measurements and one without. The simulation without was performed by
“blowing up” the uncertainty in the LIDAR observations, i.e. the observation covariance
matrix R was arbitrarily set to be the 6x6 identity matrix multiplied by 1x10*2. The

results can be viewed in the following figures, each of which shows a state variable and

29



its uncertainty versus time. The left-hand column in each figure compares the actual and
estimated states, while the right-hand column contains plots of the uncertainty in the state
estimate versus time. Here, uncertainty is defined as the square root of the diagonal of the
state covariance matrix P as computed in the Kalman filter. The figures can be divided
into pairs: the first and second figures in each pair show the results from the simulations
without and with LIDAR measurements, respectively.

Figure 7.1 shows that, with no LIDAR measurements to update the state estimate,
the error in position is on the order of several hundred meters and only worsens over time
because of the error in velocity. However, when LIDAR measurements are introduced in
the simulation (see Figure 7.2), the estimate of altitude is rapidly improved: error in z is
on the order of 1 cm. Assuming a flat landing surface, the range observations have no
dependence on the horizontal components of position, and thus the errors in these two
estimates are propagated throughout the trajectory (note the scale of the uncertainty plots
in Figure 7.2). Here, the error in lateral position is nearly constant because, with LIDAR
measurements, the estimated horizontal velocities closely match the corresponding actual
values.

Comparing Figures 7.3 and 7.4, the LIDAR line-of-sight velocity observations
yield accurate updates on all three components of velocity. Without LIDAR
measurements, error in velocity is on the order of 10 m/s and generally worsens over time
due to the uncertainty in the initial estimate of velocity, accel bias, and attitude.
Conversely, error in velocity is on the order of 1cm/s when LIDAR measurements are

used. Note that the LIDAR geometry is most favorable for calculating the z-component of
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velocity in the case of level, or near-level, flight; consequently, this part of the velocity
estimate is particularly well-determined when LIDAR measurements are used.

The IMU biases are plotted in Figures 7.5 through 7.8. Here, the numerals 1, 2,
and 3 denote the roll, pitch, and yaw axes of the body, respectively. Without LIDAR
observations, the biases are not updated, as expected—carefully note the scales of the
uncertainty plots in Figures 7.5 and 7.7. On the other hand, with LIDAR observations, the
estimates of the accelerometer bias in all three directions are especially accurate (errors
on the order of 10 m/s?), while the gyro biases along the roll and pitch axes are
reasonably close to their actual values (errors on the order of 0.1 deg/hr). Because the
LIDAR geometry is most favorable for estimating the component of velocity along the
body z-axis, the accel bias estimate in this direction has the smallest uncertainty of the
three. The estimate of the gyro bias along the yaw axis is quite poor, which is to be
expected since the LIDAR measurements do not update the yaw angle of the vehicle in
the case of a flat landing surface.

Attitude, shown in Figures 7.9 and 7.10, is poorly determined without LIDAR
observations because of the uncertainty in the initial estimate and because the gyro bias is
unknown. In this case, attitude errors are on the order of several degrees. While there is
no improvement in the yaw estimate (again, to be expected), the estimates of pitch and
roll are quite accurate in the case when LIDAR measurements are used: errors are on the

order of 0.01 deg.
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Figure 7.1: History of position estimate and uncertainty without LIDAR.
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8 Experimental Results

A LIDAR system developed at NASA Langley Research Center was installed
aboard a Eurocopter AS350D helicopter and tested in a series of six flights over the
California desert near NASA Dryden from August 20-22, 2008. This section presents the

results from analysis of the second flight test, which occurred over a flat, dry lake bed.

8.1 Model

The LIDAR was mounted on the nose of the helicopter inside a gimbaled
spherical shroud, which was designed to point nadir throughout the flight. Unfortunately,
due to problems with the gimbal control software, nadir-lock was not maintained when
the helicopter turned. LIDAR measurements of range and range-rate, as provided by
Diego Pierrottet of Coherent Applications, Inc., were taken at the rate of 10 Hz. The
helicopter was also equipped with an onboard GPS sensor. Although there is obviously
error in any observation, uncertainties in GPS measurements (on the order of 1 cmand 1
cm/s for position and velocity, respectively) are small enough to justify taking GPS-

measured position and velocity to represent the “actual” state of the helicopter.
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Figure 8.1: Flight test helicopter

In addition, a Northrop Grumman LN-200 Inertial Measurement Unit was
mounted along with the LIDAR inside of the shroud at the front of the helicopter. IMU
measurements were sampled at the rate of 400 Hz. According to the LN-200
specifications, the accelerometer bias is 0.003 to 0.03 m/s®, while the gyro bias is
between 1 and 10 deg/hr. The IMU x-, y-, and z-axes do not correspond to the respective
axes in the body frame; the transformation mapping the measured acceleration and

angular velocity vectors in the IMU frame to the body frame is given by
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Raw IMU data—supplied by Jason Keim of the Guidance and Control Analysis Group at
Jet Propulsion Laboratory (JPL)—is presented as incremental changes in velocity and
angles versus time. Numerical derivatives (i.e. acceleration and angular rates), as required
for evaluation of the equations of motion, were calculated using a first-order forward-
difference approximation scheme.

Including only the central term in the gravity model, the gravity vector can be

written in the LGCV frame

g°=——|0 (8.2)

With the rotation given in Equation (3.1), the gravity vector is represented in the LGV

frame as
Py
\ \ Cc GM
g = Rc g =- 3 0 (83)
P p

Using GPS measurements of the helicopter position, also provided by Jason
Keim, the gravity vector in the LGV frame at the initial position of the helicopter was

found to be

0.030928
g' = 0 m/s? (8.4)
—9.81745
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For simplicity, gravity was held at this constant value throughout the navigation sequence
since variation in the helicopter’s position was no more than a few kilometers, which is
insignificant compared to the 6378 km radius of the Earth. Local gravity anomalies and
gravitational perturbations due to the oblateness of the Earth were ignored.

The angular velocity of the Earth is expressed in the ECEF frame as

0

0 (8.5)
1

Using the direction cosine matrix given in Equation (3.2), the angular velocity of the

Earth is written in the LGV frame

oS @
o, =R/o; =w,| 0 (8.6)
sing

At the initial latitude of the helicopter, the angular velocity vector was found to be

5.976209
o = 0 x107° rad/s (8.7)
4.178500

To simplify the Kalman filter calculations, a modified version of the LGV frame
was used as the navigation coordinate system. The origin of the navigation frame was
arbitrarily selected to be the point on the surface directly below the initial position of the
helicopter, as measured along the local geodetic vertical. The z-axis is coincident with the
local geodetic vertical at this point; the x- and y-axes are directed toward geodetic north
and west, respectively. Here, it should be noted that GPS provides altitude measurements

relative to mean sea level, but LIDAR measures distance to the local surface, which was
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assumed to be flat. Consequently, the elevation of the test site had to be determined using
a value that yielded a best fit of the two data sets, namely 665 m. In addition, unlike the
conventional LGV system, the navigation frame does not rotate with vehicle position but
is fixed with respect to the Earth. Since the system is planet-fixed, it rotates with the

angular velocity given in Equation (8.7).

8.2 Discussion

Figure 8.2 shows the ground track of the vehicle, as measured by the GPS, for the
time period during which LIDAR observations were available. The red circle in the figure
denotes the initial position, while the red cross indicates the final position. It can be seen
that the helicopter performed a series of figure eight maneuvers, alternately flying with
northeast and southwest headings. Figure 8.3 is a plot of altitude above the surface versus
time; the helicopter flew fairly level at the beginning of the flight and performed a steep

ascent and dive at the end. Total flight time was roughly one half-hour.
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Figure 8.3: Altitude above surface versus time as measured by GPS.
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Unfortunately, due to problems with the signal processing algorithm and
limitations of the hardware components in the LIDAR breadboard system, much of the
range and range-rate data was corrupted by significant noise and therefore unusable.
However, it was possible to study a 2.5 minute interval near the beginning of the flight,
which was the time period with the most viable data. As in Section 7, the Kalman filter
routine was run with and without LIDAR measurements to estimate the state of the
helicopter over time. In both cases, initial estimates for position, velocity, and attitude
were set equal to the corresponding “actual” initial conditions. (Quotations are used here
since the true state of the vehicle is unknowable. GPS measurements are taken to
represent the “actual” position and velocity; “actual” attitude is taken to be the yaw-pitch-
roll provided by JPL.) Initial estimates for the accelerometer and gyro biases were set to
zero along all three body axes.

The Kalman filter was tuned by trial and error to minimize the residuals, defined
as the difference between the actual and estimated values. Results are shown in the
figures that follow, which have a format similar to those in Section 7. Residuals are
plotted in the right-hand column in the position, velocity, and attitude figures. Estimated
uncertainties are plotted in the accelerometer and gyro bias figures since the actual biases
are unknown.

As shown in Section 7, the estimate of the accelerometer bias cannot be improved
without LIDAR observations. Because the bias changes very slowly in time, the error in
this parameter is nearly constant. Likewise, error in the gravity model is also nearly

constant since gravitational acceleration cannot be expected to vary significantly from
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one time or location to the next. The combination of these constant errors in acceleration
yields linear errors in velocity and quadratic errors in position, which can be seen in
Figures 8.4 and 8.6. This is not true for the y-component, though, possibly because the
two errors in this direction partially cancel one another.

LIDAR observations, however, mitigate much of the error associated with the
uncertainties in the gravity model and accelerometer bias. As seen in Figure 8.5, by the
end of the 2.5 minute period, the LIDAR has reduced the error in the x-component of
position by an order of magnitude when compared to the IMU-only case. Error in altitude
is two orders of magnitude less than that in the case of exclusive IMU integration. Range-
rate measurements update all three components of the velocity vector, which has the
effect of improving the position estimates. The estimate in z is best, however, since range
measurements only update this component of position in the case of a flat surface. Also,
as previously noted, the LIDAR geometry is most favorable for estimating the z-
component of velocity for level flight.

The effect of the LIDAR observations on the velocity estimate is shown in Figure
8.7. Residuals in this case are on the order of 0.1 m/s, an order of magnitude less than the
residuals at the 200 s mark without the LIDAR.

Figures 8.8 through 8.11 contain plots of the bias estimates with and without
LIDAR observations. As mentioned previously, the biases are not updated in the case
without the LIDAR (carefully note the scales in Figures 8.8 and 8.10). With the LIDAR,
the accelerometer bias estimates (the best of which is along the vehicle yaw axis, as in the

simulation) are on the order of 0.01 m/s?, within the bounds listed in the IMU
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specifications. Gyro bias estimates are on the order of 0.1 deg/hr, which is less than the
bias listed in the IMU specifications but not unreasonable. As in the simulation, the gyro
bias along the vehicle yaw axis is not well-determined. The “jumpiness” in the other two
gyro estimates is likely due to the inability of the LIDAR to accurately determine the
attitude of the helicopter.

Here, it should be noted that because gravity and specific force appear as part of
an algebraic sum in the equations of motion, errors in these two terms are
indistinguishable to the Kalman filter. Accordingly, the part of the measurement residual
which is actually due to the gravity model error is mistakenly assigned by the filter to
accelerometer bias. This phenomenon is known as aliasing. The simple gravity model
used here certainly differs from the actual gravity field, and thus the gravity model error
has been aliased into the estimated accelerometer bias.

Because the gyro bias is nearly constant, errors in the Euler angles should be
linearly increasing in the case of IMU-only integration. For the short 2.5 minute period
under investigation, the attitude estimates without LIDAR are quite good since the gyro
bias is so small. Over long time periods, however, even slight gyro drift would cause
substantial attitude errors. Assuming a flat surface, the LIDAR measurements only
update the pitch and roll estimates; residuals for these two angles are on the order of 0.1
deg. Yaw is not updated, as expected. The LIDAR measurements prevent the pitch and
roll estimates from drifting but also introduce fairly significant noise, possibly due to

local terrain undulations or misalignment of the LIDAR beams.

50



X (m)

y (m)

z (m)

4

x 10

-1.75 . 100
* Actual
/P
-1.8 1| Estimate 0 —
1. / = .
/4 g \\
i
-1.9 g -200
x
-1.95 -300
-2 - - : -400 - -
50 100 150 200 50 100 150 200
time (s) time (s)
-1000¢ - - - 5

-2000 \\ 0f
-3000 \

-4000 \
-5000

y residual (m)
AN
o

G
-6000 * - - = -25 - - =
50 100 150 200 50 100 150 200
time (s) time (s)
100 250

50 ’“Q_&/ T 200
150 /
100

E
N E
N : /
50 ?
\ ~ 50
-100 \ 0 '/
-150 - : : - -50 : : -
50 100 150 200 50 100 150 200
time (s) time (s)

Figure 8.4: Position estimate and residual versus time without LIDAR.
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Figure 8.5: Position estimate and residual versus time with LIDAR.
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Figure 8.6: Velocity estimate and residual versus time without LIDAR.
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Figure 8.7: Velocity estimate and residual versus time with LIDAR.
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Figure 8.9: Accelerometer bias estimate and uncertainty versus time with LIDAR.
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Figure 8.10: Gyro bias estimate and uncertainty time without LIDAR.
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Figure 8.11: Gyro bias estimate and uncertainty versus time with LIDAR.
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Figure 8.12: Attitude estimate and residual versus time without LIDAR.
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Figure 8.13: Attitude estimate and residual versus time with LIDAR.
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9 Conclusion and Future Work

An algorithm for accurately estimating spacecraft position, velocity, and attitude
during landing has been presented. The proposed estimator combines IMU-measured
acceleration and angular velocity with LIDAR range and range-rate measurements in an
extended Kalman filter framework to significantly enhance state estimation. Overall,
filter results from a helicopter flight test are in excellent agreement with GPS data. Of
particular note is that the new LIDAR system is orders of magnitude more accurate than
existing flight-proven navigation systems that rely exclusively on IMU measurements.

Lessons garnered from this study will prove to be valuable in the development of
the next prototype of the LIDAR system, scheduled to be tested in a series of flights in
2010. In addition, demonstration of this new pinpoint landing technology has direct
relevance to future space missions, including Lunar South Pole/Aitken Basin Sample
Return, Comet/Asteroid Surface Sample Return, Venus In-Situ Explorer, Mars Sample
Return, Europa Lander, Titan Explorer, as well as human exploration missions to the
Moon and Mars (Amzajerdian).

Recommendations for further work include: improving the LIDAR signal
processing algorithm, such that data from the entire flight test can be used; improving the
filtering and smoothing of the IMU data to remove the effects of high-frequency
structural noise, measurement noise, and sensor quantization; fine-tuning the Kalman
filter (or, alternatively, developing an algorithm for automatic tuning); developing a more

sophisticated gravity model for the site of the flight test; and using a fourth-order Runge-
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Kutta integrator in the filter update instead of the Euler method. Moreover, it may prove
fruitful to perform a study of the optimal LIDAR geometry, i.e. adjusting the polar angle
of the laser beams with respect to the vehicle z-axis. Perhaps most importantly, an
emphasis is made here that no attempt be made to maintain nadir-lock with the LIDAR
shroud during the next flight test. The LIDAR system should be fixed with respect to the

vehicle, such that the actual orientation of the body is measured.
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