
L
e
c
tu
re
3
:
G
e
n
e
ra
liz
e
d
L
a
ttic
e
B
o
ltz
m
a
n
n
E
q
u
a
tio
n

L
i-S
h
i
L
u
o

E
m
ail:
l
u
o
@
n
i
a
n
e
t
.
o
r
g

U
R
L
:
h
t
t
p
:
/
/
r
e
s
e
a
r
c
h
.
n
i
a
n
e
t
.
o
r
g
/
~
l
u
o

N
ation
al
In
stitu
te
of
A
erosp
ace
(N
IA
)

H
am
p
ton
,
V
irgin
ia,
U
S
A



M
o
tiv
a
tio
n

�
T
o
o
vercom
e
th
e
sh
ortcom
in
gs
of
th
e
B
G
K
m
o
d
el;

�
T
o
im
prove
n
u
m
erical
stab
ility;

�
T
o
g
ain
m
axim
an
freed
om
of
th
e
m
o
d
el;

�
T
o
presen
t
a
system
atic
an
alysis
of
th
e
L
B
E
m
eth
o
d
.

L
u
o
,
N
IA
:
L
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E
M
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o
d
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r
C
F
D
,
C
A
B
-T
U
B
,
A
u
g
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D
issip
a
tio
n
,
D
isp
e
rsio
n
,
a
n
d
G
a
lile
a
n
In
v
a
ria
n
c
e

�
D
issip
ation
:
H
yp
erviscosity

�
(
k
)
=
�
0 �
�
1 k
2
+
�
2 k
4
+
���+
(�
1)
n
�
n
k
2
n
+
���

�
G
alilean
In
varian
ce:
In
referen
ce
fram
e
w
ith
velo
city
V

ex
p
[i(
k�r�
!
t)]
=)
ex
p
[i(
k�r�
!
t)�
ig
(
k
)
k�V
t]

g
(
k
)
=
g
0 �
g
1 k
2
+
g
2 k
4
+
���+
(�
1)
n
g
n
k
2
n
+
���

�
Iso
tro
py:
D
ep
en
d
en
ce
of
tran
sp
ort
co
e�
cien
ts
[�
(
k
),
�
(
k
),
c
s (
k
),
an
d

g
(
k
)]
on
th
e
d
irection
of
k

�
A
n
alysis:
L
in
ear
D
isp
ersion
E
q
u
ation
&
G
en
eralized
H
yd
ro
d
yn
am
ics
1;2;3;4;5;6

1L
.-S
.
L
u
o,
H
.
C
h
en
,
S
.
C
h
en
,
G
.
D
o
olen
,
an
d
Y
.-C
.
L
ee,
P
h
ys.
R
ev.
A
4
3
:7097
(1991).

2P
.
G
ros�
ls
an
d
P
.
L
allem
an
d
,
E
u
ro
p
h
ys.
L
ett.
2
4
:473
(1993).

3S
.P
.
D
as,
H
.J.
B
u
ssem
aker,
an
d
M
.H
.
E
rn
st,
P
h
ys.
R
ev.
E
4
8
:245
(1993).

4P
.
G
ros�
ls,
J.P
.
B
o
on
,
R
.
B
rito,
an
d
M
.H
.
E
rn
st,
P
h
ys.
R
ev.
E
4
8
:2655
(1993).

5P
.
B
eh
ren
d
,
R
.
H
arris,
an
d
P
.B
.
W
arren
,
P
h
ys.
R
ev.
E
5
0
:4586
(1994).

6L
.-S
.
L
u
o
an
d
P
.
L
allem
an
d
,
P
h
ys.
R
ev.
E
6
1
:6546
(2000).

L
u
o
,
N
IA
:
L
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M
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d
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F
D
,
C
A
B
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,
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L
a
ttic
e
B
o
ltz
m
a
n
n
E
q
u
a
tio
n

L
attice
B
oltzm
an
n
E
q
u
ation
in
p
article
velo
city
sp
ace:

f
�
(
x
i
+
e
�
;
t
+
1)
=
f
�
(
x
i ;
t)
+


�
(f
)

(1)

�
(
x
i ;
t)

=

X
�

f
�
(
x
i ;
t)

�
u
(
x
i ;
t)

=

X
�

e
�
f
�
(
x
i ;
t)

jf
(
x
i
+
e
�
;
t
+
1)i
=
jf
(
x
i ;
t)i
+
j

(f
)i

(2)

L
u
o
,
N
IA
:
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M
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d
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F
D
,
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-T
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B
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A
u
g
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M
o
m
e
n
t
S
p
a
c
e

M
ap
p
in
g
from
th
e
d
istrib
u
tion
fu
n
ction
sff
� j�
=
1
;
2;���;
bg
to
m
om
en
ts

f
%
� j�
=
1;
2
;���;
bg
(for
9-velo
city
m
o
d
el):

M

�
0BBBBBBBBBBBB@

h�j
hej

h"j
hj
x j

hq
x j

hj
y j

hq
y j

hp
x
x j

hp
x
y j 1CCCCCCCCCCCCA

�
0BBBBBBBBBBBB@

1

1

1

1

1

1

1

1

1

�
4

�
1

�
1

�
1

�
1

2

2

2

2

4

�
2

�
2

�
2

�
2

1

1

1

1

0

1

0

�
1

0

1

�
1

�
1

1

0

�
2

0

2

0

1

�
1

�
1

1

0

0

1

0

�
1

1

1

�
1

�
1

0

0

�
2

0

2

1

1

�
1

�
1

0

1

�
1

1

�
1

0

0

0

0

0

0

0

0

0

1

�
1

1

�
1

1CCCCCCCCCCCCA

�
(j�i;jei;j"i;jj
x i;jq
x i;jj
y i;jq
y i;jp
x
x i;jp
x
y i)
T

j%i
=
M
jfi

jfi
=
M
�
1j%i

L
u
o
,
N
IA
:
L
B
E
M
eth
o
d
fo
r
C
F
D
,
C
A
B
-T
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B
,
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u
g
.
7
{
1
2
,
2
0
0
3

4



M
o
m
e
n
ts

T
h
e
m
o
m
en
ts
in
th
e
9-velo
city
m
o
d
el:

O
rd
er

Q
u
an
tity

0

D
en
sity:

�
=
h�jfi
=
hfj�i

2

E
n
ergy:

e
=
hejfi
=
hfjei

4

E
n
ergy
S
q
u
are:

"
=
h"jfi
=
hfj"i

1

x
-M
om
en
tu
m
:

j
x
=
hj
x jfi
=
hfjj
x i

3

x
-H
eat
F
lu
x:

q
x
=
hq
x jfi
=
hfjq
x i

1

y
-M
om
en
tu
m
:

j
y
=
hj
y jfi
=
hfjj
y i

3

y
-H
eat
F
lu
x:

q
y
=
hq
y jfi
=
hfjq
y i

2

S
tress:

p
x
x
=
hp
x
x jfi
=
hfjp
x
x i

2

S
tress:

p
x
y
=
hp
x
y jfi
=
hfjp
x
y i

L
u
o
,
N
IA
:
L
B
E
M
eth
o
d
fo
r
C
F
D
,
C
A
B
-T
U
B
,
A
u
g
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G
e
n
e
ra
liz
e
d
B
G
K
A
p
p
ro
x
im
a
tio
n
in
M
o
m
e
n
t
S
p
a
c
e

R
elaxatio
n
pro
cess
of
m
om
en
ts:

0BBBBBBBBBBBB@
�
�

�
e

�
"

�
j
x

�
q
x

�
j
y

�
q
y

�
p
x
x

�
p
x
y

1CCCCCCCCCCCCA
=

0BBBBBBBBBBBB@
0

0

0

0

0

0

0

0

0

0

�
s
2

0

0

0

0

0

0

0

0

0

�
s
3

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

�
s
5

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

�
s
7

0

0

0

0

0

0

0

0

0

�
s
8

0

0

0

0

0

0

0

0

0

�
s
9 1CCCCCCCCCCCCA

0BBBBBBBBBBBB@
���e�"�j

x

�q
x

�j
y

�q
y

�p
x
x

�p
x
y

1CCCCCCCCCCCCA

j�%i�
j%i�
j%
(e
q
)i

j�
%i
=
S
[j%i�
j%
(e
q
)i]

7D
.
d
'H
u
m
i�eres,
in
R
are�
ed
G
a
s
D
yn
a
m
ics:
T
h
eo
ry
a
n
d
S
im
u
la
tio
n
s,
P
rog.
A
stron
au
t.
A
eron
au
t.
V
ol.
1
5
9
,

ed
ited
by
B
.D
.
S
h
izgal
an
d
D
.P
.
W
eaver
(A
IA
A
,
W
ash
in
gton
,
D
.C
.
1992).

8L
.-S
.
L
u
o
an
d
P
.
L
allem
an
d
,
P
h
ys.
R
ev.
E
6
1
:6546
(2000).

L
u
o
,
N
IA
:
L
B
E
M
eth
o
d
fo
r
C
F
D
,
C
A
B
-T
U
B
,
A
u
g
.
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E
q
u
ilib
riu
m
s
in
M
o
m
e
n
t
S
p
a
c
e

T
h
e
eq
u
ilibriu
m
fu
n
ction
s
d
ep
en
d
on
ly
u
p
on
con
served
m
om
en
ts:

e
(e
q
)

=

1
hejei ��
2 h�j�i
�
+


2
(hj
x jj
x ij
2x
+
hj
y jj
y ij
2y ) �
=
14

�
2
�
+
16



2
(j
2x
+
j
2y )

"
(e
q
)

=

1
h"j"i ��
3 h�j�i
�
+


4
(hj
x jj
x ij
2x
+
hj
y jj
y ij
2y ) �
=
14

�
3
�
+
16



4
(j
2x
+
j
2y )

q
(e
q
)

x

=

hj
x jj
x i

hq
x jq
x i c
1 j
x
=
12

c
1 j
x

q
(e
q
)

y

=

hj
y jj
y i

hq
y jq
y i c
1 j
y
=
12

c
1 j
y

p
(e
q
)

x
x

=



1

1

hp
x
x jp
x
x i (hj
x jj
x ij
2x �
hj
y jj
y ij
2y )
=
32



1 (j
2x �
j
2y )

p
(e
q
)

x
y

=



3 p
hj
x jj
x ihj
y jj
y i

hp
x
x jp
x
x i
(j
x j
y )
=
32



3 (j
x j
y )

T
h
ere
are
7
ad
ju
stab
le
p
aram
eters
in
th
e
m
o
d
el:
�
2 ,
�
3 ,
c
1 ,


1 ,


2 ,


3 ,


4 .

L
u
o
,
N
IA
:
L
B
E
M
eth
o
d
fo
r
C
F
D
,
C
A
B
-T
U
B
,
A
u
g
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G
e
n
e
ra
liz
e
d
L
a
ttic
e
B
o
ltz
m
a
n
n
E
q
u
a
tio
n

G
en
eralized
L
attice
B
oltzm
an
n
E
q
u
ation
w
ith
m
u
ltip
le
relaxation
p
aram
eters:

jf
(
x
i
+
e
�
;
t
+
1)i
=
jf
(
x
i ;
t)i
+
M
�
1S
[j%
(
x
i ;
t)i�
j%
(e
q
)(
x
i ;
t)i]
(3)

�
In
itializejfi;

�
P
ro
jectjfi
to
m
om
en
ts
byj%i
=
M
jfi
an
d
com
p
u
te
th
e
eq
u
ilibriu
m
j%
(e
q
)i;

�
C
o
llision
in
m
om
en
t
sp
ace
(m
u
ltip
le-p
aram
eter
relaxatio
n
)

j�
%i�
S
[j%i�
j%
(e
q
)i]

�
S
tream
in
g
in
velo
city
sp
ace:

jf
(
x
i
+
e
�
;
t
+
1)i
=
jf
(
x
i ;
t)i
+
M
�
1j�
%i

L
u
o
,
N
IA
:
L
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E
M
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o
d
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r
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F
D
,
C
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B
,
A
u
g
.
7
{
1
2
,
2
0
0
3

8



L
in
e
a
riz
e
d
L
a
ttic
e
B
o
ltz
m
a
n
n
E
q
u
a
tio
n

S
u
p
p
o
se
th
e
system
in
u
n
iform
state
�
an
d
V

=
(V
x ;
V
y ),
an
d

jfi
=
jf
(0
)i
+
j�fi

j�f
(
r
j
+
e
�
;
t
+
1)i
=
j�f
(
r
j ;
t)i
+
M
�
1C
M
j�f
(
r
j ;
t)i

In
F
o
u
rier
sp
ace:

Aj�f
(
k
;
t
+
1)i
=
j�f
(
k
;
t)i
+
M
�
1C
M
j�f
(
k
;
t)i

C
�
�

=
h%
� j%
� i

h%
� j%
� i

@
@
%
�
[%
� �
%
(e
q
)

�

]

A
�
�

=
ex
p
(ie
� �
k
)
�
�
�

T
h
e
L
in
earized
L
attice
B
oltzm
an
n
E
q
u
ation
:

j�f
(
k
;
t
+
1)i
=
Lj�f
(
k
;
t)i

L
=
A
�
1[I+
M
�
1C
M
]

(4)

L
u
o
,
N
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:
L
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M
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D
,
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g
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E
ig
e
n
v
a
lu
e
P
ro
b
le
m

o
f
L
in
e
a
riz
e
d
L
B
E

T
h
e
eig
en
valu
e
prob
lem
of
th
e
lin
earized
evolu
tion
op
erator:

d
et[L�
z
I]
=
0

H
yd
ro
d
yn
am
ic
m
o
d
es
(z
�

=
1)
of
L
at
k

=
(k
cos
�;
k
sin
�)!
0
:

j%
T i
=
cos
�jj
x i�
sin
�jj
y i�
jj
T i

j%
� i
=
j�i�
(cos
�jj
x i
+
sin
�jj
y i)�
j�i�
jj
L i

j%
T
(t)i
=
z
T
tj%

T
(0)i
=
ex
p
[�
ik
(g
V
cos
�
)t]ex
p
(�
�
k
2t)j%

T
(0
)i

j%
�
(t)i
=
z
�
tj%
�
(0)i
=
ex
p
[�
ik
(c
s �
g
V
cos
�
)t]ex
p
[�
(�
=2
+
�
)k
2t]j%
�
(0)i

T
ran
sp
ort
co
e�
cien
ts
�
,
�
,
c
s ,
an
d
g
are
fu
n
ction
s
of
w
avevector
k
.

L
u
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M
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D
e
te
rm
in
in
g
A
d
ju
sta
b
le
P
a
ra
m
e
te
rs

G
alilean
in
varian
ce
of
th
e
p
h
ases
in
th
e
tran
sverse
m
o
d
e
(z
T
)
an
d
th
e
sou
n
d

m
o
d
es
(z
�
)
u
p
to
k

lead
s
to:



1
=


3
=
23



2
=
18

Iso
tro
py
of
th
e
atten
u
ation
of
th
e
tran
sverse
m
o
d
e
(z
T
)
an
d
G
alilean

in
varian
ce
of
th
e
atten
u
ation
of
th
e
sou
n
d
m
o
d
es
(z
�
)
lead
to

c
1
=
�
2

(c
s
=
1= p
3)

�
2
=
�
8

R
em
ain
in
g
ad
ju
stab
le
p
aram
eters:
�
3
an
d


4
(in
�
(e
q
)).
If

�
3
=
4



4
=
�
18

s
�

=
1�

G
en
eralized
lattice
B
oltzm
an
n
eq
u
ation
d
egen
erates
to
a
lattice
B
G
K
m
o
d
el.

L
u
o
,
N
IA
:
L
B
E
M
eth
o
d
fo
r
C
F
D
,
C
A
B
-T
U
B
,
A
u
g
.
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B
e
h
a
v
io
rs
o
f
E
ig
e
n
v
a
lu
e
s
o
f
L

L
o
g
arith
m
ic
eigen
valu
es
of
th
e
n
in
e-velo
city
m
o
d
el.

T
h
e
valu
es
of
th
e

p
aram
eters
are
�
2

=
�
8,
�
3

=
4
,
c
1

=
�
2,


1

=



3

=
2=3,


2

=
18,

an
d


4

=

�
18.

T
h
e
relaxation
p
aram
eters
are:
s
2

=

1:64,
s
3

=

1:54
,

s
5
=
s
7
=
1:9,
an
d
s
8
=
s
9
=
1:99.
T
h
e
stream
in
g
velo
city
V

is
p
arallel
to
k

w
ith
V
=
0
:2,
an
d
k

is
alon
g
th
e
x
axis.
(a)
R
e(ln
z
�
)
an
d
(b
)
Im
(ln
z
�
).

L
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N
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L
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E
M
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o
d
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C
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,
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B
e
h
a
v
io
rs
o
f
T
ra
n
sp
o
rt
C
o
e
�
c
ie
n
ts

k

d
ep
en
d
en
ce
of
viscosities
an
d
g
-factor.
T
h
e
solid
lin
es,
d
otted
lin
es,
an
d

d
ash
ed
lin
es
corresp
on
d
to
�
=
0,
�
=8,
an
d
�
=4
,
resp
ectively.
L
B
E
m
o
d
el

(1
)
w
ith
n
o
in
terp
olation
,
(2)
w
ith
cen
tral
in
terp
olatio
n
,
an
d
(3)
w
ith
u
pw
in
d

in
terp
o
lation
.

L
u
o
,
N
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M
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L
o
c
a
l
S
ta
b
ility
A
n
a
ly
sis

If
R
e(ln
z
�
)
>
0,
m
o
d
ej%
� i
is
u
n
stab
le.

S
tab
ility
of
th
e
gen
eralized
L
B
E
m
o
d
el
v
s
.

th
e
B
G
K
L
B
E
m
o
d
el
in
th
e

p
aram
eter
sp
ace
of
V

an
d
s
8
=
1=�
.
(left)
m
ax
[R
e(ln
z
�
)]
for
given
V

.

(rig
h
t)
S
tab
ility
region
of
G
L
B
E
v
s.
L
B
G
K
m
o
d
el.

L
u
o
,
N
IA
:
L
B
E
M
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d
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F
D
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C
A
B
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U
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A
rtifa
c
ts
o
f
th
e
L
B
E
M
e
th
o
d

D
ecay
o
f
d
iscon
tin
u
ou
s
sh
ear
w
ave
velo
city
pro�
le
u
y (x
;
t).
T
h
e
lin
es
an
d

sym
b
o
ls
(
�

)
are
th
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