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Essential Ingredients
Essential Ingredients to Good Ramen Soup: Broth, Sauce

SauceBroth

Soup

Chicken

Pork

Fish

Soy sauce

Miso

Salt

Soy-sauce Ramen

Miso Ramen

Salt Ramen

1.  You cannot forget any of the two. 
2.  Sauce characterizes the type of ramen.



Essential Ingredients for Advection

DissipationConsistent

Numerical Flux

Consistent Term and Dissipation Term

Consistent Dissipation

1.  You cannot forget any of the two. 

2.  Dissipation characterizes the type of scheme.



Essential Ingredients for Diffusion

DampingConsistent

Numerical Flux

Consistent Term and Damping Term

Consistent Damping

1.  You cannot forget any of the two. 

2.  Damping characterizes the type of scheme.



Diffusion Scheme
Diffusion Equation:

Consistent Damping

Diffusion Scheme (AIAA2010; Computers&Fluids2011):

1. Central-difference scheme: α = 2 (Good)

2. 4th-order scheme: α = 8/3 (Recommended) – 6 DG, 3 SV

Damping is essential for accuracy, robustness, consistency.



Hyperbolic Recipe for Diffusion

Diffusion Equation (Parabolic)                                                      Hyperbolic Model for Diffusion                                                      

Discretization

Discretizationdifficult
easy

Damping term comes directly from dissipation term. 

“How can we apply this to make a good viscous scheme?”

There are two ways to do it.



Two Ways to Viscous Discretization

Viscous Discretization

Damping mechanism must be incorporated.

Gradient Formula:

Identify the gradient formula in 

the diffusion scheme, and directly 

evaluate the viscous flux.

Hyperbolic Recipe:

Discretize a hyperbolic viscous 

system and ignore the extra 

equations.

Good gradient 

formula must be 

available.

Hyperbolic system 

must be available for 

the viscous term.



Viscous Term in NS System

Viscous Part of the Navier-Stokes Equations

Viscous stress and heat flux:



1. Extension by Gradient Formula

The diffusive flux,

can be written as:

Interface Gradient Formula

Compute the physical viscous flux using this formula. 

Gradient-based viscous flux



2. Extension by Hyperbolic Recipe
Hyperbolic Viscous System [Nishikawa, AIAA2011]: 

Relaxation times are O(h^2), not O(1).

[AIAA2010,CF20111]:Relaxation times:



Hyperbolic Viscous System

Eigenvalues of the viscous system:

Construct an upwind flux, ignore extras to get viscous flux.

Viscous and Heating Wave Speeds:

The corresponding eigenvectors are linearly independent. 

Viscous and heating waves

x

t

Many choices are available: FVS, Riemann solvers, Multi-D upwinding, etc. 



Derived Viscous Flux

Damping term is given by

Dissipation term turned into a damping term. 

Looks similar to inviscid flux? Yes.



Full Navier-Stokes Flux

where

- Loop over the faces,                                                    

- Get the left/right states,                                    

- Compute the numerical flux at quadrature pts.

: Dissipation term of the inviscid flux.

: Damping term of the viscous flux.



Explicit Time Step

The CFL condition for Hyperbolic Navier-Stokes Scheme:  

For the derived viscous flux:

The CFL condition is inherited from upwind scheme.



1D Numerical Results 
1D viscous shock structure problem on uniform grids: 20-80.

Steady state is reached at residual reduction by 6 orders.

No-damping scheme gives significantly larger error. 

Derived viscous flux

Gradient-based viscous flux



2D Numerical Results 
Node-centered FV scheme:
Inviscid flux: Roe flux

Viscous flux:  1. Gradient-based viscous flux

2. Derived viscous flux

Irregular triangular grids: 231, 861, 1891, 3321 nodes. 



Error Convergence (2D)

No-damping scheme gives significantly larger error. 

Derived viscous flux

Gradient-based viscous flux



Conclusions

Two Essential Ingredients – Consistent and damping terms.

Hyperbolic Recipe – Derive viscous scheme from inviscid scheme.

Two ways from diffusion to Navier-Stokes:

Gradient-based Viscous Flux (by gradient formula)

Derived Viscous Flux (from upwind flux)

Importance of damping term demonstrated: 
- Lack of damping leads to inaccurate solutions.

Damping term is automatically introduced in the hyperbolic recipe.

Various robust and accurate viscous discretization can be easily constructed.

Hyperbolic Recipe is useful:



Future Work

Highly-skewed grids for NS computations – Damping term is critical.

Optimal value of α – Accuracy, smoothing, multi-dimensional analysis

Greater Variety of Viscous Fluxes –FVS, Riemann solvers, multi-D upwinding…..

Other Discretization Methods – FV, FE, CESE, RD, DG, SV, SD…..

Higher-Order PDEs – Construct a hyperbolic system, discretize it, and extract a scheme.

Download papers, slides, and codes at http://www.hiroakinishikawa.com


